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C^&pt«r stro eoat«ine nott on eoayttatl9ii» ui»«4 1» th« 
ll2cel«, Ciiftpttr I i e Introejuetoxsr, wMch eontftins & brief 
r«^Bf of releviftot rttfilte «Me& hctv* direct liittrcoim«otl«ft» 
wltii our lnv»eti£tttlcmft« i^flQltions; of i^ oia« of %h* ^«olftl 
tfiMBftHUitf a«ti:iod[« «r« §iwmi After listroiueJUiiE t^t Idea 
of msmt^ility and afe>«oltt%t eumiaUtllity in c*&end. o»e 
^efioltioEiB co&o^sniac «p|»r^laatloii theoxy end vmriouii 
otiaer deflnltloae m^i not&tlms h«re alffO been glyim. 
Let I &2^  be e ilvea l&fltiite eerlee 9M l « t {o^] be 
the eequenee of Ito i^artlel tftae, or a^ ee<iuenee of real 
or eonplex auabere meh t&at e^ 4 0 • 
^l^oae that SL^  > 0, t p » •• , fm<} that the mdiue 
»«o 
of eoevergeiioe of the power {»erlec^  
•g 
i» I . ^t U0t the not«lioas : 
C^) Pjsj . T Pn hi^ * 
H W O 
ma€i 
J(x) £ J(?,) . p (5„) / p( l ) . 
If th« i»crl«e tm tht right of (:)f ) IK eouTergcat In 
tb« rlgixt 9pteU int*zv«I ( -t, I) a«<i If 
/(JE) e B/ (^ , 1) , (0 < e < 1), 
%h9 »«ci«e i: *„ » or tbt toqwiaeo { I L \ , i s (Mid to t« 
tue ««rlo« r 9 i c Mi i to b« •ueatablt I J, p ]. 
IteO * » 
^ Jtl* i f t i» itorloa on tht right of {^) I0 conv«r««nt 
for 0 1 X < l» ttid i f 
/ ( ! - « ) * I | ;(jf<»)}l < i x < * , 0 < 0 < 1. 
>a«ti 
-3 
^'* 'aik ' ^ ^ *^ r*i»o«fi r««p«etlT«l3r to A , i& . 
•ntf iLl t I I'ljj -»«tho4iu 1*0 / Md 1*^ 1^ , nr* tilt c u t «« 
tb« abudXutt ^«I «Eid £«Q«i«lis«(! •bsolut* m^ ft«tlui4». 
>• writ* 
1 '^  
with Pa > 0 • If {<5-n} € Bf , tht • • ! ! • • £ ajj , or tho 
8oqu«nc« {§^1 » i» »«i<i to bo 4iteeoluttl|r gAiasdbLo ( f, | r ) , 
or ounuibXolff p l^ f m& ii{<s-^] e Bf*^  i , * . , 
j: n \ (r^- <3-^^\ ^ n , for It 2 1 t 
tHon i t l e cola to b o mtmtbXm \ f, p^j^ 
l^ain Xftt Me «rlto 
«»- <»«) "* A p „ , s 
v«e 
Tao oorlte S a^ ^ i» oolfS to bo ^oolutoljr ^aasbio (I, 
^> 
or iUMMtble I i , I^\ i f { t^l ^ S^ th«t 1« 
and It i e e«id to b« ouewsbX* > *^ P j ^ • H^ !• If 
Hal 
In tlM eptelal Oftao ie vHicti 
( ^ ^ »W • ( W —^ "^ "^'^ "^  • ( « ^ 0) , tli« Sortuna 
man t^ rcdaeoti to (C, {i)«Bt«B, tlms t{i« «2fnt«bUlty 
\ a, I^\jt t ( k 2 I ) , wlioro pjj I s dtflRed by ( t } , tg tlxt 
eiift« sf suMiebtlUy 1 C, nj^ a»a th« iWisu^ilUj \ X, p^). 
Is tlu» •«»• • • iC, grl^  . 
I.«t f(x) be a eoatl&ttout and pejrlodle Atactlor^ with 
poriod m «ad l«t 
f Cx)'- T* • I (o^ cogB X • b^ «isi sx) s r i^ Cx) bo Its 
Fouritjr ««rlt{», m^ «l»o !•% ^(x) <?«aot« Ita nHli partial 
HUB. 
^ (i) e ^J\U)) - £ ( V- ) V^ *^  • 
act tilt J.*op«riitor« ocd In tint eptolal e««t« in wbieta 
p » (n*l) • tad 5 » t t * ( ) • ^ > " 1 » ^ i^" " i l ©.Otlt f , . • , 
tbt o,»trator J^ rt<!itets rt«ptcftlriily to thm L^ e&a A^^^-
op«rttore. 
»t wri t t 
wMoU Is ( l{« A|^)«tr«&i»fOftt of i; a^ , by tht Horlimd 
ItaO 
operator t ^ and wt wrltt 
KhaiO 
Ctuipttr II h&» btaa davottd to tjbt etudy of atrong 
apprdxijuttloia of Fouritr atrl^t hf lorland optrator«. 
tUft fea.loaittg tlSktortft imit bean prottd* 
TtwercB 1. IiSli, ^(^j b« « n».ltlT« ««nB«nc«. MUh \Pi»\ 
(I) i f ± J » ktJL 
>"« 
eausKiftd I 
i l f(x) eA^ ( 0 <if < 1) , thwft 
Our th«or«» iiiel«4««i « fhtonm of FtOiDlCril ^^  4»« » 
In ciittjAtr III , «• prov* tb« f^lowlag th«or«s« for 
dotcyaiac th» elM« of e»tiir@tloa in tii« tti«oz7 of 
•l^ prosrlaotlOQ of l^aetioa* ^y fl»MSfi1>llity opcntore. 
1) sU!<oyrn : lM4«ai iflix. MMM** 9imn, ?5i7-Mfi. 
f^> ftt^rt of fuactloaii for whlith 
iX%) e B? ( lax JtM jstAfii ^ i* 
(1) (a*l) Pa i ^ ^a • 
(?) 2 I ^ P . | i K . 
** <g^ '»l') i ^ Pal 
thta tl>f OrtT ana tfe« daa* ef »«tttJ»tiQn fdr th> o^fgyipf 
ftM i|>ccl«I e«i»»ii Oi! t M e ttwK»rett arc : 
Thcof«K 4. Jilt ^y*9Bfyatgy in lalfttgi^Kl witu i&t 
•R4 4^ ft caLifla 9t talirftlilgtt in <flit <^iti 
t Cx) e t** (X2S JUtt jEUtftOft X'^  1<P«» ) 
L(jc) e Btr (Ifix l&t J&ifit ^ ) 
itet 
oXatg gf ftjttc^li 
a (je) e 8 (Xax ^*f gPfccf C or L**) 
hmX 
- f 
^•1 
prw«4 fey &^ *ij\j-^ ra ftttd fATAiH ^^, 
In Chester XV, w« o&t&in th« follMrla^ tl»eor<s» on 
i lZi 
IteO 
(i) t *^ V i '^^ n^  ^ - • 
(II) {e^l € U l . 
In Cnaptor »^ *« obtain thjtm "^ tfytbcrlaa theortB« for 
IJ, |^\jj •«iUKRii bi l l ty am^  e taEttberl«yR thtoi!«K fori ft ILl ^ '^ 
fh«or«m 7. g^2£ X o^ ^9 frff flWiSMfrltl g» Ol^ ,^ k ^ It 
a.© 
1) su^mic^a lya^  wATARi : ixsts. i M ^ ijEi4im,3K^^^'-^^ fc^-
£i 1M« U m iMUpio of « ^mfm of AiiMS IM4 iBiHt H i m 
3i tteoo voM&to fOAonUM tiM o«nPMp«i4la| rMi&to of 
/ mm mA vmmm (M«iMfi« m^mr^ tetto Htliin nf | i 
Dotli* &m*9 Migt» Zo««o,af7(^tooo «].•• KoMuSniBul.^ 
u 
1 0 
U) ««.«&. < c ,:^  for n « l , ? , . , , 
u ) ^ ]^^ l4 (U) ^ 1  > C , for w 2 1 f 
(111) ( ^ ^ ' j ifr bfluiiii^d. foy » > ^ 
IteO 
"• t 
t b l t condition ill to la for k • 1. 
t Ic, 0|jj l e ttoe B&me BLB »^ C BIT* , 
•11 
xhi^or««10. JUL > »n i.P iWiiiHff I *^» Pj^ l]! • JiM 
of th€0i«B6 «a *n &«i^ «et of hoe»l property of li*, p l^j^  • 
ftuaasablllty of s Fourltr ttri«s. 
iheor«B n . 4 i i k ^ 1. If [ p ^ | i i $i gMUllyt gMMfflm 
(1) { i^I^Lfbj 4^  ^ p«.tAatd* 
( i l ) i- ' 'A—^^ • 0 ( •-*—j , 
> (Ui ) I —a— < « , 
(n>l)*^ 
n? 
Attd I f 
(111) • r | - ^ ^ < - . 
Tki» U to «mrti/y ikat th» comt€His o/ tH§ 
0/ t>, i^«d 'd9k&s&»ad iitM9i0 doii€ imi«r my M»p«rittMl'3n» 
i Jarthitr earttj^ that ihs vQrH o/ this tk0sis» 
eithitr partig sr Jtuily» Aaa mot iasta aui^mittea to any 
stthnsf ia^tituti^n J'!3r tha a«:fl/*«t 0/ any olh^r dmgr^M* 
Counttrsighed 
a Mai,, , ^ 
illgarh ^ualiu iJtit&ersityf 
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rfttf present TH9»t»» ^WiJli.<.> yM iw„,a S.^f'^UH'^ yf 
It ha» ^«en i^ v ^f*oud priutl^ifa to e-i>^.pl9t€i thi9 
thieait a/tu i^" th4 ^/Jtctitnt Mup«rot§i<tn 0/ Jr» <.**^ »i;i .ad* 
•^••Se*0 *^»ihti»t w«a'0«» .i^juder, jspArt^^nt ^J dathm,^ti(6M» 
MuggiMtions ami arittci^i^^ ai»l asaistufi &e at aii gtagt^M 
liii^rty Qj ^AoroadA «r.t OA Atd »altiix&ls fi e* i la i* 
tAts op^oriitnitg to ae^Ad.Jetcjt .^ ^ £l««p «#ASS O/ «^ratttttdia 
aAti fnd«j»dt4i4nesd ta /iS4 / a r /$£« iaspirtAjr ^nidaAOt and 
coAAtaAt «ncoiir84;«^«At t^ ?*oui7/ii^ ut tk« eitursti oj t/^ ««« 
A^t /^ atN» a£;p«er<r«C in tne present Jorst* 
fh« thattM caA»t«t« oj S^emn Ch9iiter4» in Hhiiptdr w, 
- • gttfe n9 tat tana end eonoenttona tt««d In the body 0/ %h§ 
th9ai9* in Chapter /» ti>€9ia&4t th& ^sjtniiions ojf» 
aui^abillty and absolute sstM'^.^biltty !»0thod9» theory 0/ 
ufiprojitskiiiton oj /^notions ana loe&i pr^p^Pty 0/ Fourt^r-' 
99rt999 « gtp§ a bris/ f«9u a QJ ^oru I portant re9ult3 
ihteh n&oe theti' rsis^awit tn th& context oj thv subjiset 
iottsr Qj our in&&9tts9tl&ns» Chi^ptur ii ie U9Pot^4 t^ 
tn^s 9tu<ag oj 'strong dpprojsttiation oj Junctions by Moriund 
9u mai^litty opsrutors** Qh^ptsr Hi dsmis ttn ths 
dstertnation oJ tht class oJ saturation tn tks theory &/ 
4>.'firojtisiatton oj /unetions by (tf, p^J - 9miistabtitty o.s^rator* 
(tu 
ojf t> I •xiiaMiajklif ff /atft(H*« In 4 »$qa«mt» in Chapter 
{«^V l» |j^ «> ^«tli«d« fA« la«t 4'*apt#f* e#iiip«4 af*ot»iw tA« 
t^tttli^  0/ l0Gait#ati9» proliif-. /Of* o«f*(dlfi «^«(iiHt« 
at tkn SJru SwtaUm &J iht /ncriaa Sni4M% €'ojtj^ f*««« 
A9»99tuti^m at »ait&ir im Jm»uary 19?6» The mutter 
0/ tht9 6« ^^11 4t« (itik«p <rdd|»t«r« la th6 Jar^ 0/ pff«c<ireA 
pii»9r§ hap* &lr%a4g k4@m «0«.«i«iileat«<l ta 4ijj0f§9t 
pit^ifo«ll9iu J^i4 / propose 1^  prsMemt one oj M«£ et tik« 
«lt4liliA|r « « « « | 0 I I 0 / the / t t d t a i l , ^ f t f » e « (r'OA|)rtf»£ i « C 9 € l S t t 9 « 
0/ tA« i>«|i«Pt>«««< 0/ ^slA«&«ll6«» dltgurh Mt^li^ iJ»iu€rB%tg» 
«aer« a»4iia&i« t^ i~4 ali tft« ii«e««««ir^ Jaeiltii99 /of* 
6dii4ltftetlii^  ikji^  bdr<it* / §xpr9S9 i-if pm/oumi thAmMs to 
Hi* /9f> ftfo lii«|>li"«tiofi lAat iiaat it po««fMt to eosspi#t« 
tfto prooont tJl««U« 
i oioo tfjtttfM siy tA«Q4« to al l ^y todOAoPo sail 
jrt§ma he h9lp«4 »« In tA« oc»&i?i«tlaA o/ ci|^  ^^ r^lr /ron 
ti«« t^ tinit At earioiMi ota^ t^o* 
CW-^-e) V-CK/'^.A>'^i^v_t3^^ , T^^ri 
•Csmt§nt9 
i li*lRO£«JCliOS 8 
Ol*jti\Al-.;^S • • • • • • 34 
ill S;] t4;fj-.BiiiiMi :* 0^ ' mi. iiims 
^i.jKKA.Mi#in T? 
Fa^3KiKB i^LSilS U S 
CtMiptcc ^tre 
mm 08 cmrmncms 
i«rt V* Btat« ft f«« emivmti9AB vMeli iir« not 
•i^}|ift«ls«d la tiM jralleirl»g chapters. 
% ^ tin) wt !••£& th« flUM of all vsaut« of f(n) 
for vhleli « i B ^ p ; i f 0 < e r » thl» i t s«ro. 
atMMktlOBo Ar« ov«r 0, i t £t • '"i*^'^ t&oro 
i» &o Indleatlco to tho ooatraiy. £ uMetlly dviotoo 
m 
t ttnlosc tho f lrtt ter» i» Indotftmlnottt l<i «hlo)i 
0 •• 
oftio i t » i l l doooto I • 
1 
for a • 0, I , f»t • • Aj^  i© dtfined by tho 
id«Btlty : 
& « vflti^Miftitiii. i*ti(ti>.tii> i f t t iy. ( - > * i ) , 
at 
- » 
0, S COUBtASf 
K 4«&«t*ft, throtttflkoiatt m absolute oo&etsat 
lBd«p«BdiBt of tk« TArittMo uador eoaitidomtioii, but 
IB not a«oc«««rUjr the teme at •met oeeurrenoo. 
^ i e sLsO ttso<S m» m tsfwbol for tht word *Coii8orT«tiv«*. 
f« AI and At «r« ueoa to i^ia^oXieo th« word 'regular* 
aftd t&e ptiraaea " abaolutAy eotteaxratlTa *' and ** abeoltttely 
regtilar ** reepeetlveljf. 
0.5 OUmumtAtlQM O end 0 
If g i e a posltiTe funetioa of a variable, vhkeh t«a(Sa 
to a givcB l l a i t t «e eball write 
f • 0(g) . i f f/g - 0, 
and 
f « 0 < « ) . i f i f I <K«. 
In partieular, 
f » OUj Beene that f - 0 , 
and f * 0 ( 1 ) ne^ft tbat f ie boimded. 
• 3 
^iwm two K«titoat of dunaliUlty (or »)>eolut« 
tuaK^Ulty), f •&« H, » • wrlto P ^ Q, or Q => P for 
** k iatitudo* 1^ ** • or *" I' 1» inolttdod in ** Q ** to wm 
%l2«t orciy fo^OBoo •uaMblo by P 1« AI«O guan^l* by 
I f f^ U 0114 w^ P • tlt« t«ro aoftnodo I" oBd ^ art sold 
to 0« •qulVAl^t aftd «o vrito '?^^ • 
If P ^  Q oBd tHoro oxlstv a Aoq i^Aoo olUeli 1» 
•uMiftblo Q bat not g u n ^ l o F • tii«ii w« vrito f ^Q • 
for mj eoqiiooeo { ^ } « »o writ* 
oatf 
A 'a - ^ - ' n ^ I 
and for oay etqutnoo f' i i ,^} ^^P*^*^* ®a a sad • , «• 
«nto 
^ f TB,T • * l l , f * Tl,V4-l ' 
A tttu«Be« { i^ j i e Mi4 to b* eonir«x, i f 
«nd It &8 ««ld to bo fuaideoiivoxt If 
i f t {•U'¥l} \ A v ' a v \ ^ »^ *"**^ **«a.y la a, «o eoy 
ttaot{f^ ^\^9 0 ^oiieoaTox ooquoaoo unifonay In a. 
^ { t ^ ^ e Br , wo aooa %haA tiio oo<|taoBeo {t^} 
1« of bouaaotf Tftrlfitloa, t)3«t i t to toy, 
vhieli i» tho ooao «o \ 
k-i . JK 
t n I At„) i & . 
•6 
ilr ' fix) e B^  (e, ! ) * • «t Mtfi that f(x) i« m 
lUiietloa of l»ouiia«4 Tttxlatloa la th« tatcrvia. (ot I)t 
that la 
J \tH%i \ Alt i 't , 
0 
and hy * ti%) em (o, 1) *• for If 2 1 • Q < e < 1 . 
fia a««r. tl&at 
1 t"l k 
/ <l - X) U'<x)\ d x i «: • 
I 
•o tiaat • f(jt) € m (e , l )* i» tha eaiia aa •f(x)€B/(c,l) *. 
0,9 chA&sm OF ruMcnms 
fba qaaata B and C : 
S, V? Svxota tha aLasnaa of bouadad and aotttinuoaa 
paziodle fuaetloat ra^«etlval]r. ftaaa tix)t » \p,?ff'\ 
a l ^ l f l a e tbat f(x/ i t botmdaa i& ^0, f^ R*} aad 
fix) e C [o, pn] (or Cj^) al^^ftaa that ti%i la eontinuoue 
1ft \ji9 f tt] and 
tt'ii.^«'«.tP.^^- ,X^'<"\ PiJtSts 
-6 
\_ (ft|b) a«QOtt« til* ciLiiss of funettoAe^vrklch !« 
c '^  I . P > /P llfll s lUll . { / |f(it) IK j • 
w« writ* L for L • 
£ d«oot«t til* els«« of rourl»r*sti0ltJ«t • •r l t t . 
X««t f<r) !>• dioflaiNI on •& lattxvsl I and euppOff* wc 
e«a fiaa two i»ettitlv* eoa«tfiiAtw M end Y sueb ttmt 
for «ll x^, 3ig e I , tfeta fix) i£ add to belong to 
LlPftobltK olwew A Y *^ o»«o» t . 0 < t ^ 1, ma w» writ* 
f(xi e A ^ . If T > I • tJioo fix) i« eoo^tant. 
>lir«n tt imatrlega ooqiiioiiioo >p# >^ » X ,^ , , , . , Xtt ut 
:«iT«B two ca««s«ft «^ V of trl«<moa«trieeI ncrltt t 
iejr * -^ e i^t's)* • ve shall tt«eii th&% (?, )^ Is tlic el«a« 
of B«qttiae«a (^^]tv«a«rorml&g ? into C , that la «ueh 
tiJ«t, abioarar (1) ^idoftga to F, (?) balonga to Q. »• 
aXao aior tbet x^  i e a {?, ^)-«ultipllfr, and i f 
j k ^1 bo a atquomea •bloii 4a!>anda on both n and • # 
than by >« .. € (!', ) wo wtaa tiaat ^ _ i t « (?# ^) -
niXtipXior uaifonay la •• (too [^ 65j ) . 
cuftpttr 1 
tr€8tlff« *' MkstLSBm ii.£cbri<i^« '* eed th* r«8«itre^«8 of 
Aa^4^1l3 <m BijaoBial ®#rl*R« leid tii* foun^atlM^ of a 
rigorous ti»toz3r of Ittfiiiito ««rl«e. Tat eonc^t of 
eo&v«ri«aec a@ £ir«BL tojr CAUCiY d«vldod ti&c infinite 
striov into two elasstst •!«•* tlu3e« whieb ti£«v« a f inite 
(end Uai«jiu«) RUB in thl«t ecae* «nii tho»« tia&t fail to 
h«rt. But tli«r« ro9fiiried to be preeie^y approhisided 
tht dietinction teotwotn propexiy «iTerg«at ttri«e «nd 
Boricf witn finitely oi^oilatoxy pertl&l tujsis. '.'owsrdat 
the end of tJEi^ e leet eentuxy the eXaeele&l eoneept of 
e<mveri«nee was i«aersli»ed so ee to bring in the purviee 
of B wWUkA taekthmOktimX interpretation a l«rg« yeritty 
of Uvttrgmt ferie«> of tne s99on4 Icind. 7iii^ gcneralleed 
eonoi^t «M.eli i e icnoen ee aiai&ebility i e a general i set ion 
of tise notion of C%uc^  convergence in tne een^ e^ timt the 
pitrtisiX «i2ae ie to be repl«eed by e eult&l3l« trtnefora 
of i t in a certain prer.erlbe<l naxmer. ^or th<» pioneering 
r«»*«reli«« t&at l»d to tm fi^oxy of Sumabillty, tii« 
cwdit io«e *lattr-«li«» to rrxriLE, iii^ ARO, Hiiw^Aiii, 
iuSLiXJ^Ff, sOftix ana oth«rii, (©••^afi')). 
£uMi«I»Ulty btlAf tli« nutural g«iier«lii:«tlon of tii« 
0QOT«rii»et* the ^ataogmke Idita of Abg^ olutft .^im^lllty 
«tteri«a ft« ft r t^i^ traliKod ooneiiit of «il>solute e«riytrg«aet. 
In 1911, F.iCkfl^  \;3ll iatrO(iite«d tht atogoXut» Ctrkro 
fluiu&abilItjr &Bd siriot thee (|ttito good oontrlbutioas have 
been B«do in tMt l ino. 
tkif proitoet l^oMii eontletei of tht roetiit Inytstif^tlOKt 
of tuc fiuthor Into th« tb«ofy of ouasabllit^ end «l>®olut« 
^vs^bllttjT of lafinlto sorlee end their i^pllefitlou« to 
^mxrivtr «orl«ft« In f^ot «• iipplir gu»B«l>llltjr oporatort 
to th« tJoftOzy of approxl Mitt ion of fonotloae and «bsolutt 
cusH Sibil i t jr to 00 ft Ilia ot htr probltttK. 
l . f . Lot 7. «^ bo ft glvoa iaf laito i)«rifi»« «ritft 
••qutftec {<^} bf psrti&l ^u^e. 
OenorEliy, el l ooKonly uisod prooonooe jf gue^Bmbillty 
b^enf to eitb^tr <m« or the otbcr of two iclade of prooot»t« 
V I K . , 
(1) tbc l-proets»OB, 
(ll> tbt 0-proeti!»ot. 
-10 
4 tr^TOe^f if bsftt<! upon, %im fortB«tl(m of a «*i|u«Bot 
of auxiliary mmt»B <^«fintd by tim s«^«»e«Ho*t«<|ucaet 
tr^isforMfttlonii t 
a 
" iuo "* • 
B^ lotiag tiui •Itat^tit of tUt n*tii ro» sad lc*tti eolusn of 
t ^ fotpl i ts afttrix t m (•^^i* 
Ottmr typ«e of trs!a«fon!Miktlcmfi uadtr thlir eftt<igof7 
aro tJSc e«ric»«to-a«ri«t triy9isfoiiMitloa«!« ti3» a«queae«* 
to-e«n«8 tnia«for»>atioii, ea« tii« fi«7leif"t9*$ff{\>^^ c^£, 
trensforsatioa* with wlaieh m% arc not ooaoirm«4 h«ro. 
A ^«pro«««R i« l^ &sad upoQ ttM» fos:«atl«a of tho 
fuaetiaaid traa»fonBatioa aaflntd by toMu^ctno«faaotloa 
tr«a«fori^tlati : 
OsO * 
or» by scjrita*to*fWactioa trfiaaforffi«Uan : 
fflii»0 * 
a 
* it«0 * 
-iX 
»^r« X i s a eo&tlfiuoiie p«3r&ft«ttr aftd 0^ Cx) or ^,|(x) ! • 
<)«fltt»d eirtr ^ a|>proprlfttt Inttrral of ju ! laiXarly* »• 
have ofit »or« traasforBfttl^ei, with «hle^ «t ftrt not 
fh* tri»n«for»cttonfl (I.e.l)i(1.5>.|!) ana (1.9.3) sro 
aotiilBg bttt« rteptetivtl^Tt i^^ * r^iult of operating th* 
optrittorit f «Ad ^ oa tht «t(|u«Be« ^R^*^ « or tk« fftrioe 
S A^v • '^ ^ 0*^ ^ tlie«« optratore fts th« ai»«ri&ilit3r 
jpgrgtor i i -
2h« ii«rios ^ a ,^ or tli« tacpaiica^iij^^ • Is iiai<i to 
bt guaKftlilt to a fialto &u»bcr e by a TnproetRft or a 
*y n>roeoe« aeoordlttg sa tha saquttteo^t^l , or t&a 
fuaetloa <3p>(x)» ttadu to e at n tonde to infinity, or 
at X ttiidis to appropriata l i a i t , dcptndiag upon tn* acttiod 
( L*«]t P««o 41^ 4 ) . 
fHa tortot £ ii|| io ooi^ to ba abtoXutaly eouY^rftnt 
i f M«to \» ^ \ ia - «tt.l\ < - t that ia , i f l«^)C BV. 
Of eourttt abioluta ootkY«rgani':'t ispl ias ooartrftfteo. 
Ir* an»Xeey witb tba eoiioapt of absolute eoi»r«r£<9ie«« 
tii» aoriai; t a .^ or tha a«quaaea{c^| , ii* said to ba 
abtolutaly suoiBabla by f-proc«»« i f {t^] t »/, 
If 
acnatdt vitb tht obviotttt dlffttTCfiet tiMit, !» this eae** 
c^(x) € BV (Af p), wlktr* (A, p) la ft tMitftblt i t i temd 
of Tftriatlou of tiMF eontlauoaii •arlfti>ii>n x « 
l .B, 4iir«ii t«eo pr«e«s»«e of i^aRftbLIUy Cor cbtolttt* 
«ttaft«bUity>, t ttii<l ;• * la efi^ ld to Induct ?, or F to be 
IneXudod In v« If #Tez9 »eqiaoae« eumolylf by F la ftli»o 
lAisBfikablo by v »nA «^ t wrLto ual&g tOt tts«ori£tlo aotfttloae, 
P c <«, or ^ p ••^ . 
If ?<= Q «Bd i» c f^ tb)^  two proeatiisos F «n4 C art 
e«ld to &a o^ivftltat tmd w* writ* ? ^ H . If F ^ ^ and 
thoro ajclats a aoQU«aec wblob i% auacabla H i>u% not 
fiusisi#bl« Ft tfcuK wa write Pczw. 
A »«thod Of sMHtablllty la a«ld to b* ootiaarratlva, 
briefly, F If K, If (c, 0) c: r, i . t , , tfea coortrgaBeo of 
«&y a«rloa laipllt« i t a aua«ablllty F. A aathoil F la aola 
to ba regular* briefly ? la f* If r I s K ana alpo ^raaorvta 
guBe of cottTcrgant atrlaa. i^ attbod of aus^iablllty F la 
ami'! to be abaolutaly oonmrv«tlva, briefly, T la M, If 
I »^ ^ 1 ^ ^ ^U *^ »«»t tba abpoluta ©oBy«rga»ca of way 
Icflnlta a«rl«a Isfai t t l t« ausniabUlty \ r | , ami la aald 
to ba abpoltttaly re^lar , bvtmtly F It if, If (1) ? 1» AK 
and (t l) P ia y. It baa baais obi^rraa by M^ai* »" 'I^ Y [54] 
-15 
thftt a attliod miy b« M wit bout btlag K, ^t K^ticnx in 
p&tslng %lmt jr«iulair Rfttrix scthoaff o«imot t»)ce oert of 
•v«a all bottnd«d tvqui^eee* sinct* «« prOT«a by 
&fiiKkiAUS (»t«\ , f^] }• glT«o «ay p«lpyil»r it«trlr Mthod 
V, tkitr* •xi«t» • bounded »9qume* wMeti int not «uB»&bl« 
M. % anftlbiy, oa« algiit b« led to fiok whet^r i t i^ t m t 
that no abf^luttly r««iulftr matrix suitbod oan tus tax 
co&^itionftlljr eODvtrgtat e«ri«« (.S6]. 
Svcceoaiy «ad «ttfflei«nt eontSitioae that a auitrix 
B«thodi b.c. AX i»tr« firt!^ obtained by ^inm M>,At*; [&3'] in 
I9?t7» «Aci fimotional cnslytic prooft of cciuiTfileiat r«eMltf» 
mtr% gi-ren l«lor on by lc:.orp and LOHiiii.» [43] ma tu^ OUCfil 
^64] in 1949* glftllazly, «• hayt noeoaftaxy anfl «uffieicnt 
eon<3itiona that a <^ -p^eetaa ia K [X] tfi<l MtC[fi]» [4]; 
Ifont in tilt oa«a in whioh P c •^, but w^ P i(» fal(»«, 
that ia Pe^, tikt foXloving queBtionn can be raised: 
(i / ^ould i t be poasible in eoKt laanner to reatriot 
the order of aa^nitude of tbe t emt of tbe aeriea 
i: m^ m that, for i t wc ^ {^^ ^Q effect P^^)? 
( i l ) i'ouXd tbere be aeqiueneet {^^1 *^ *'^  *^* '^  V^n 
1» iNtnsable P whenerer t «^ ift ^imable k? 
-14 
mtnrmm%ir9 «r« etflltd *fttabtrl«a*. A r«ffitlt of tht typ« 
^e^^ thmt «rt r«<|uirtd to oamcr etooa^ qutetl^n in tht 
nfflratUv* aro oolltd ^ J i f ^ U m fftglftB Cor ^IteSlllS 
In tht proistBt t}»»i« wo olaio propoeo to laToetigato 
into tist pr<^ltBi ooneor&lng thm rooults of tho typt 
•ontloao^ oboTt. 
In tilt eoqfttol, pr«»tatlng <!oflnltiono OIMI nototloao 
of tho 8UMi«^lllty Botnode tliat ore Inrolvo^ in tho proff«iit 
oortc* tHo oiitlsor propoott to ^ T O O toriof ro»«iiio of tho 
hlthorte obtol&oa ro«ulte o^^tAet tho toaelc^rouiia of whleh 
tho prohlemo otudiod la tho proooat fh^^m ouggtut 
th««oeXvoo« 
1,4. ^Oiii rpl-ciAL f-si].i-!.;r'; OF sUii^Aililff, 
I* htiii9lu%t,J^Bi^n «BtMA t X& tho spfeelol oooc la 
vhloh 
o-i 
'. othomrlto 
-ae 
tbm ttm^Btoimmtioa. ( I . r . l ) r«tfue«» to ^ , the n<-th Cee«TO 
•ttftn af or4«r i!x end th« eorrtsr^&dlni C«««ro end fl^ftOlut* 
Cttikwa ««tJaodfi &r« <lcit»t«d by (C, 3) sa^ \ \^ or \ r«ii»#e%iv«ly. 
iht e«rl«» -^ AQ i(!$ <^i^ t9 tot ft)»»oluttly etuaMibl* by 
^'••(iio »«eii» of erd«r « # or iiiaeablo \C, 3 \ « a > * It 
If { i ^ } e M, 
HttotDUir, Ft& f^ [33] oxtoBdiod t^o dofialUoK of 
ebeolttto CtMro ^ngiabillty by lAtro^elng index, ieeording 
to bla ft «ori*i» £ a^  IE »«ld to bo ounmblo ^C, a|^ , 
i t rtdUGO^ t to t&o guwuibility \0t a\ • 
In init fiKl-m I^SL] d«fiR«d tbo tbgoXttto Ooearo 
«uian«bility for lategra ordors. l.m%%r , HQ^mSLimu 
(1^4] »[4&]) etuditd ia eoaeid«rftbl« lot ail e, end bo 
o«tebli»^d tbo eoaoii^Mioy t&oorttt for Mbgolutt ^wmto 
i^ttt»r.bility, &aa«ly (i) \ c, tt\c\c, $\ for n < « < $ ' . 
*!• «l«o «beii«d ttent ia geaorol ( i l ) \C, « \ i ( c , ^) i f 
< a , sad ( iU) (C, « ) ^ | C , 3) for « >« . MORLlY 
(^ 54] tietttadod tad mp^Xiod »t»>rttr |»roof to tho fozmor 
r«iiat <i). 
Coaoomiag eonsintoao^r for \c , «\,g , n.in [^ ss^ 
prortd that : for way « > n , \ e , ^\^ c^ \C, ?\^ ,whcn«vtr 
-l« 
hol«» fii9>«ii o > - l . | 5 > « * ^ » ^ , 1MB tist«ntf» th» 
t ^ otMr tsna«l, witli th« h«l^ of negatlv* •xanplvtt FLI^ Tf 
for my « > - 1, isii4 \e , a\jj<^\C, 0\^ , iih«a«fvtr Ic < r, 
fiaa i? ^ « • it * r • '^ *'" tJ»ii« r«ittltft It f^llovs that 
tli« fUEoiebUltjr mctbodic \C, « \ «Qil \ c , a\|^ , k > I , ar* 
lad«p«a49i«&t of oftoibi ot£ber. 
ml w • «lflliil 
^1. I S . iJu\ "TOttiod : ^feott 
^ 0 , It > n 
iifotrt^pj^V i« 6 ff04|tt«iQo of oonstiBt*, r««l or ooiaplox, 
( l , t . l ) rtduooo to titf ( S, s^^-soisi o-g . 
Xh« coriot r a^  i c »«i6 to bo emisaoblo \ ^, ]^\ • 
if (^T^ ^ e m m6 ttio ftorloo r •^ i» t«i4 to bo gnftttoblo 
in tlM «fAO OO \^, |^\ ««fft]30d. 
1 ? 
th^ mti»e ( f, i^} i» both f (t.3«] pagt bi) md 
kf [f i i] . For rtgttlmr ( ^, f^)*mtb»dt SUMOIKOI t«4 ] 
prort* ts»*t : If pg^j / F^ > ^^^ / .^ . th«ii \ I , i ^ \ c 
tli«oroa : If p^ ^^  / P^ ^^  • 0 < % / V ' ****** 
"^ K^  
TaubtrLeiQ th#oroB : tht ft«et««ftsi^ «in4 ^iffioltiit oonditloa 
for tM it«rltf ^ «,j to bt ftbeolutcljr eo&Tcrgict wteonevtr 
It l e aumablo \*, p^^ i s ttont ^^,1}^ •*'• I» cfeept«r V 
w« extend thi» ttieoroK for \ ft py^||^*«i2»wibility. 
^-^* ^g^ti^i Si^ Aijum atthod : In the «|>»el«I e»0« 
P«i-*/Pn a ^ k 
•sB,k 
0 « otltomtlse 
wfeert \^ |^ ^ i s » fteQttMiee of eoattanta, rtid or ooffi|»lei:, gtnd 
•ae 
xh% tnAtfonuitlofi (l.i^.l) wit»09w to Bozisnd A*«a 
(L»»]» l^Slh or (», i^J««««ii of c#qtA«oc« {9^"^ « 
g«ri«rcl«4i toy th« iit^ u«&«» @f «o«fflei«eit« {p^} • fii« 
»erltA £ «^  l e caid to b* ^f^alut^lv ^m&mbl^ 
Via) Vin • 1) 
%h» eom«p9ftdlng lioiiiitid m^aA r«diie«s to tho tmmiXimr 
(c, c)m««a itttd thi i«iiaiH»&iiitjr \ *^ p^\ to Ic , ^\ , 
jc tti« otiior ii&nd. If p^ « X/<a*l), tbo Moriuna 
8»ttaa>bllltj rvdiictt to t)it sotbod kaoini *« BaCTtoaie 
A#ltW^»Utty« 
Morluaa •amikMlity, tlko^gli oHninalXy lialtlatod 
la 19QS by lOKOMDl l ? 3 l ana Havini romUat^ uakaova t i l l 
polatta out by tAM^mih la 19Sg, nao l&dtpoad«atly 
P^ • • for at > -I , 
tfiM! f«a«]rftX dioflaltKm of n *liorl%aidi ataa' oem»r« 
f irst la O^ltDiiOI , Proe, of tJso «lor«Btb flkagroeo of 
Kusoioa litttviy«illct« «n^ •olf»tiftts (Ku»»i«a), st.l^vttri^urg, 
199ff« 0O«l, ftioro io m asmotatod l^^ieh trsaeUtioa, 
by fM-Ai^ Ciis, {«•• [7S] ) , 
1 9 
tntro<fiieta by IOFLU«C [66] la 3Lai9. In 19Sf UMMS [eo] 
dfvtloptd tim eone^t of absolute lioxiuii<l 8ii»K&blXit|'. 
l!«etflt«fy «&A «ttffieitiit eonHtltme for tb« 
r«£Ul«ritjr of tim Moxiiwd fteim aro : 
{ ^n • ® ^ ^ n^^  »^ « » » - * * • a ^^ 
T « 0 
It JMsy bt noted tbfit tbt Horlimd aettiod iff aot 
ab^ltttolT fffilBT for «»11 typos bf ^p^] ooQUooeoo* 
lltmtYtrt ecMndltloiKj for abtoX^tt rtg^^Iarity ctua b* 
doaaeod froa % tbtorom of KOATO oa aotrix aiaaasbUlty. 
Kteoooaiy aad «affiol«at eoaditlwEk»« «« etstod by 
JOl.EIi BOf? [ s a l , for tbo absolatt rt|pil»rlty of tbo 
\Uf |^\ atthod «ro : 
ii) a i l ^ » o . aiMl 
a 
» f p 
a«v ^a ^a«l 
for til poftitivo iatoiprfil voluoit of •• 
r&t prbblta of iaeluel«^ for fuan^bllitioo \%, fL^ | 
• A ^ \ ^ f ^ \ o»« 4i«0UR8«d by 1^ 0 k'ASLM {^iB] aad 
-r3 
^ ( x ^ - ~ ^ * ' - s * ^ ^ . *•" 
"^ ft 
Cl.S.1) J ( x ) s <r^(x) - C^  Pa V ^ JW % ' ^ • 
t f tfet • • r l t « ^ P,^  *^ X ^^ e&Kf^tgmt in the r l i ld 
op«a m t t r r a l ^ 0 , 1>, fiiitl If 
we ii«3r tiQ«t ttui 8«rl«» X A 1« tfUBMblo (J, p ) to », 
»h«r« « I s f ia i to . 
11341 c^*ciaX eiksieit of thl;? aitthod mf I 
(II) th« (^.^)-«etfaod [1$'^ , «iMxi p is glv*ft by : 
» • • «iii i i i T <m 11 I • * 
(l-K) « r 9-. )t • for it > • I , ( \ x l < 1 ) , 
( i l l ) l | | g J t 9 f f m W c * y t t j ^ 4 (?<) (l?«' \ f [C?l / , wh«ii 
p^ l» given »y : 
tlaif aetfcedf fans bt«n g«R«ri*llB«di t:> d«fln« \«'^ »Pju\j{ " 
ne t ted . 
Th« g«r i t e «* iiQ» or t^« »«qii«iic# {^ «g^ \ # l e said t o 
be i(uwsa&lt \J» p^ljj t It J I t ijf the s#rie« on tiie r igbt 
Of < i .6 , l ) o9oir«rii«t» ^ii«l, for 0 < c < 1 » 
1 i t " l It 
/ (I - x) \^**(r)\ dx < • . 
c 
\ 'Jt P^\i ip t i ^ »«i»» e« \ J , p^ \ , and for k > 1 , \ J , p^\ 
a 
In t i » sp€ci«l e«80i' in wMcJi P^ j^  • ^ t a > 1 i L ^ ] t 
antJ 1^ • 2 ^ . a « a« 1 , s, . . . , \ J , p^\ md \ J , Pjj\^ 
r«duce rosp»otiv«ly t o \A \ , \h\ mA \A \ ^ • \2:*\|g • 
Ihtt Rottiode \A^\ artfl \^'Q\I^ I s s l «r« afe»olut« AJ>«1 &r4d 
g«nertsll««d ttbs^olutt ,?ib«l ssetherte. 
- f ? 
iiy < i« f ia l t ld i i i t l e «frid«it that \ A \ c U i . . i^«,10ftO«» t o 
Ai>tl*» «l«8ftieel th«orta» » • al»o i«wrt t h t r t i a i l t t i i a t 
\ c , oi c^ 4 , \_7f^ . f i hL ' i t [ 3 S l g«a#r6ll»edi t h i s ima 
provta th»t : |C, ©I ^ \A\ , iummr^T l e r g * « i > ^) ««y b«, 
an-i itlffO etio^'t^ '^ .V &«6K^@ of & ne^etl ir^ dtemoXc that 
\ A \ ^ (C, a ; , fiuadi biAcft \ A \ ^ \ C , a\ • r^owe/er l a r • a (> 0, 
«ey tee. i M f i wat al»o ittd«p#aii«ntly i r t r i f l e d f o r Four ier 
a«H,ee bj^  HAi,Dii5 [.633 • '^^  ^ « *>*«^ A*MBigtrat«d by ;• *.fl 
[^&7] thf i t , for tirit coaJug«t« a«rl«e of « / o u r l t r sicrlee, 
auas&^tbillty \ A \ at m po in t , mvmtk «htzi ooigbiiit^ w i t t i 
«vtry«*ii«r« eoiiir«r*#ac«, do t t not n»e«#»«m.y isiply t«iUBebillt.v 
\c» I ) at tiifitt po io t , 
;^ ft t b t €l«eOTcry of tb« f *e t tha t l loi*2s Conv^rgenat 
arlt^it^n f o r « Fourltfr «rtr l*« at a po in t l e s u f f l e i ^ t 
t o m.mr9 I t s «u»8i«ialllty \A\, i-dtt^l^ t ? ? ! w^e led to 
the coiiftl«i%r»tioii of tft« i » t t r r«lfctloia b6t««tc& ssuEmstblllty 
( c» G^, l . t , , Conver^tnce, i*?! aMiBffi«blllty \A \ , I eiiif^' 
an exasolo pu«ig*eted by L i I ;L^ iv:-.jj:;: he prove! that ( r , 0 ) ^ \ A \ . 
•  i;;.t.'tiP \_6O3 , on tfct o t i i t r tmid provtri troi^t \ A \ i ( v , G ^, 
.'i':;-i.Oi- t.«®!l fe*« prove-a that : i f , fo r 8 se r l t e T a^ , 
' ^(n t^ ^ LB «u£aB»bl* \C , ts* l \ • tha t \ A \ ^ \ c , a\ t 
tor t 2 • ^'^ p « r t i c u l « r , i f {n {^'\ € W , then \A\ ^ V'^^U 
•P3 
Cono«xaliig rwlatioa to«««r«en \C, s \ ^ mi \H^ • 
n^hTi ime pt^tt4 thftt : for H ^ It a > I t \ tf 6E\^ S . l*\jj« 
•H« alao eho««d that \A\ ^ \A\ | . «heii«v«r le < r ex^i el«» 
co<^Jcetur«a tUat for H < r , \A | j^^ iA\^ , rto» \A\^ 
ttud \A\^ Art mituall^ lad*|>«a<!i»t, Ixtca^lag th« i^ovt 
arjQtloaed faui9#rle» r^«or«B of u¥i,L:.l-, rtotntlf UAHAAM [_473 
ii««t prflvta that : for gX^<m evrits I a^ , \^\ic^\^*a\u • 
wiMHitv^r I Z (^n 8 )^ l e s«aBebl#\C, a^lljj t for «ny 
?i > -1 • eaa k 2 »^ 
Con<i9XRin$ th€ f iwi l ; of \ J , p \*i&«tj^d AI^AD 
( t ? l t t S ] f 1*3 ) ii*» r«0€ntly Btudltd « auBb«r of probl»B«, 
e . g . , bt hua prore4 tli«t : (1/ \4 \c: \I i \ , 
(11) \*^ 9 ^\ ^ \^f > •^  6\ • for y > -It 6 > 0 , 
( i i l ; \A^\ ^ \k,\ , f or a > S ^ " l * Civ) U , i^;-mthod 
I s Ai', »hea»tr«r £ P^^ • • t (•) \ « t Pa\^\**» l^ n^  $ ^^ 
particular, \ \ l; \ell . | j Jiectatly Aifc. D *ad SA a i AA [;«3 ha* 
also prorad for aultablt *p|j*t \^t P^\ ^ l » t Pjj\ uadar 
aom# f(»ub«rlaii canlltloaa tm.'^ hM» ^arlv«^ fro» i t a eouple 
t ' logar l t i^G m%wii tr»a«for»»t 2f^f A* dafiua^ by 
for a • Pt St ""^ • 
-?4 
In ehspitr XV tM eutbor ai@eu«^ £«it ttxc problcss of 
\ li|»euBttabillty tstotovB for sequi&nocii &e an analogue of 
• refult o: Iitcai..„L (t6»3» Th«ore« 1) satl ie also tislleoc 
to ^ « etuiiitd by nuih I7i] for Ic, «\-®iiEsiabillt^. rh« 
©Bftlofcrouc problfBi for \A\*^Js»sbility hmn recwatly be«n 
lQ»tstl^»t«-i by 4r:?.-Ai;' &n4 i^nm t 6 ] , > allt- in chapttr *', 
i4«i (Bxteudj* tlsL fibov« cit#d iaubtrl«ii tj&torcsp of «tfc'Ai 
aui iuraiA^ [^6'] for \v/, 9 jw-atetiriod. 
b€ ii«ri«ft Of th« fore 
"-|- • ^ («^ coenx • b^ ©la »x) 
i i« l 
ifs called » trlgcmott^trlo eeritei ^nd 
katl 
i«t eaLl^'J 9 tri|,«dio««trle poXyaonial of ordor u i f 
«« • bf / 0 . 
I i ^ f{t> be a periodic fuactlo^^ witfe period P»t end 
inttiirfetlt iB tfat Ktacre of utbe»;iue ovtr (-!# '?)• '^ ^« 
-P6 
Fourier »trl«f of t{%) ie girm by : 
wii t r t 
ft^ • J / tit) dt , 
1 ^ 
K^^f f(^) BU% lit «t t n • 1 , ? , . . . , 
ih# thvory ot af^roitimtKKn of timet lo&e if; •& 
•3rtri0i«l7 rici:^  imd vaiicgatod mo, Onder this «• ctudy 
ta« rolfttion to«t«t«n & #!•€& fimetio» load i t s emootiittf 
rerelto. It were gtnlun r«««ftrehe^ of iAC€«OI( end 
i;. B;.!^tiEIi«, WHO tetrodueod tj3« theoxy of i^prexlBtttlon 
of ptrle^le fimetioiie hy tricOBonotrle ^oljntomiale. %• 
fiua the ApproxliBi&t* r«pro««atatioii of f(x) b; the 
ax^ttrery pertodie fimetlon tin) , !•«•• i f any periodic 
fuaetloo f(x) it glir«n, «At o«& fix^ d e trl^Mioaetrie 
polynosiftl rCjt), walcfe l« cloge to f (x) . Qmtr^lf^ 
two preblea* ari^e t 
f i 
(1) Bow to ft«l«e!t t(x) ? 
(U) Hovi to aMeiir« t)w A«vl«%lmx ^(t ) ot 
f<it) fr«» f(xi ? 
e^ «r* SLO«tIy 09iiG«is3ied to tk« ««oi>iidi fuc^tlon l . « . , 
for spi^mxiMtini; f(ir) to s polyiioaial tCxji aotutaiy, 
we be£(V« to 0how> that hum moia t(x} in elo^c to fist i . c . t 
IfCx) •^(«)1 J5 e for all Xf wii»rt e e«a©r»©ttrli«R tht 
elo#to«c» of f(xi witto f(x> ? fhtsroforo, tbe Qftei«2r« 
of i^proxiB«tl9ii I t tb« %u«itlty /C^(f)« wm.% \fi%i * t(]i)| t 
whleii Ic e«ai««l at ili«t«iio* b«««««a f\x> a&<l f(x)» or 
doTiatloja of tin) fro« f(x) . 
Aa«ii«rlnf thl® qucttlon la the Affinr^tlvt ^IlK MAS^  
(laaS) hao eho«m tisi^  pot«iblllty of rftprvscstation of anar 
eontlnuotto Amotion eiiibJ«eto<) to tiae etuiMoii &Lfiibr&le 
polynoatal ?(x) | 
'H^fi^f^n ^ g^f< fhtoro» : If a function f(x) 1« 
eontlnumiB In th« Intorval « :S x j£ b and € > u» tiusi «« 
9&. find on alsfbri^io poljr&oniil ?(x) nucli th&t tt« 
intfuitlity 
If(x) - P(x)\ < € 
DOtad lioxa for idl vnlutt# of x In tuia intorrai. 
Ikst at pr*0«it w« art eoncamffd with tht ^oi^ibilitjr 
mr^ 
ot 9tit«3»li$Mng fipproxiBetlOR of eoatlnuour> snd periodic 
functlotiR by a#ajis of trigoaoiietrio polyiio»l^s« For thi{» 
l»« r^iod »K end i« Goatl&uoue ^m t&t r»sil aisl^t ^^«^ «• twxi 
find « t r lg^aaat t r lo pdly^osdlaL 1(31) for € > 0 e^ eiki 
that thert noldt tli« iae^uolity 
l r (x) • f(ir) I < e , •« JS X ^  w 
fht ^etcretrma* stoiMia tbtoroa htts tlioim th&t any 
fuaotion f(x) e C^^  ««& l>« r«pro««iBtt<S by s trigQtio»#trlc 
pslynoidal at «&y proeoribtl aoouraes^, Sut tti« .l»gro« of 
ftl^roxlKetlAi pdlynoalil aifty eoso out to be t§Ty lil£h. 
Xheraforo* I t l e ni&tural to ms^ wh«t aeour&ey of 
approxlKstlon can b«r att&ia«d if thi degroo of opproxisiitiiig 
p^Iyn«Blel 1® limited btforo t«(iia? 
^f ;«.«not« by ?^ tis« 6«t of 8ll th* roiyaoaliaf of 
dcgref oot M.iatr ttum n, ninoo X{3t) C 1^ • wt obtain 
a #et of dtvlatioet« {ACT}} , Ih* tsraot lowtr l i e i t 
l^ n yf) . inf tA(f)j 
i r ealX«4 tha awilltet aavlfttion of |>clyii0iBli4e of ti^ 
from f(x) BsR^  ijjCf) 1R eallcc} tfca Da^rtt of /pproiri»fitton 
r?6 
oi f(x) t o Tdc/, fu&a t r tfct above iafialKun 1© attftlned 
foy »©«« polyooalsl t i x ) , ttoeii i{x) I s efell*d I oly»o»laj. 
of B#gt...4yt>r9x^Mte^l^ «©'« tb« o®fjftltudt \if) i » Cftlle-a 
t*»« ? te l , te3ir9^il^-#ft^^ <>^  ^ s^^ ) ^y ' r igonoBetrlc polynoKlfcl© 
of ordor not M e t e r thm. a« 
1Cii« ROiit l«?)Orteitt aB-:* r«c«at ooac«pt of af^proxlsatlon 
tb#ory 1© • *turet lan* , I t ip obgierfferi tfemt th« cuigtcnoo 
of d[«fir«* of mpproxlEc Ion bejfonfl » o«rtfiln er l t lcf t l lov€l 
l e potels-l* only for triyl<4l fUoottoar jiueli «s oonfltnatiif 
lin««rr functions t t e . In ^c-aerelt th« d«£r«c of 
®pnro3tiHH9tlor» imprortB with t h t moothn-Bm of tfc# funetlon. 
But, t f i f r t B.*:y b«j e H M t be^^^n-i »Mcfe e r tn I f » • pr»«*ippOi?« 
«i;r««ttr ©«a©tiMi«ef of tiie function b t l ag n-proxlsetea, wo 
40 not got b e t t o r mp^r^ximntlon, iMe pninois^en»n is oall^d 
** . idturifction**, 
i^»ft probl€i& of oaturs t lon for the f i r s t tltet hoe beon 
studifdS by iA^hfil} ip}'] m4 we u»e t a t following def in i t ion 
given by hist : 
l e t g^inj t k « l,<^, •*. be « ousii^tln,^ funeti(»i 
fm>6 eon«lder u f&sdly of tr«in$>fon^«( of ( l , 6 . l> of m 
suisasbil l ty awrthoi S> 
:>jj{jr) • "^**" ^ fiS^Cn) (»|j oo« kx • b^ sin kx) 
•S9 
«h«r« th« pGijrat&«t«r a at»^ not tot dn,eor«tt. I f th«r« 
«r« a pOifltlY* ii(m*-iaer«ftoini| fuoetion j^in) ima; a el«i8» 
h of funo%i^u» in «aeh & wt^  that 
(I) llf{x) -f,j(x)ll- o{^(a)) iaptlice fix) 1« eoaataiit| 
(11) \\tixi - F^Ci^ll- OiPin)) iBiftlte f(x) € S' , 
nil) tiit cvexy fdg & U , W9 h8:r0 
th&a. i t i s said t ^ t th« mttbod of Maf^wtlwi Q i« 
•Siturattdl with or^»r )^(n) MQd i t i elaes of saturatiofi in l^ . 
Lat t r cm* tmii^t&t seaolare llict 4LEXITS' £7 3 taa^  
rW#?vfi [30] hi«s«lf published a nuKber of rtKulte, 
i.mA^^'i [74] hae fiolved t&ie pro)»X«ft for tis« »«tho(S of 
Ct««ro''F«Jert « i th ran^tot to th« spaoo ( ' i of contlouout 
fuaotiooei i^fZEl £i^ 53 gtuditd the easas of s«thoditisi of 
il»cl<*i'oi0KOci m& 0«tt88-^«i«rfitra«a tsspioyiaf t h t thaory 
of e«»i*g70upii» but« ae ha s«i<3a tbi usa of the r e ^ l n r i t y 
of ta« dpacaa tlt^>» P > l» lae laf t the quaetioc op«n for 
the npfficae (C) and iU}, SUiOUCdi and »ATAM(C«7] , [68]) 
«ad liitCiaCiiI t.663 studied the Biaea Kaana of typa n * and 
the »tthod» of Ahal-Poieaoa, Ceaaro-l^tjar, 0«4te-^ alarRtraafi, 
Bametein-RogOi^iQa^l and the Jaeicaon'-da l a i^alie« Fouealn 
and obtaiiaed the el%fia of Saturation iitd«p«nd«atly for 
•sc-
•»eik of %h* «l»ov« m«tttloa*d m«tl»»dft. B«e«ntXy« a' EX., 
eIiL«ii for ^oxloai »«!««. 
tiM withor iitudi«e In ( kmpt^r III , tiit ixbovc prdbl«a 
for <^ » p^}*cun»ftbUlty opcrfttore ««Bd dodueoe the rt ialte 
for JU>ti ayad (L)-sHaaebtlity operators. 
I^ ot t^ ^0 d«flii«a ftB tht Borluna op#r{itor, whleh 
wh«a opvrtttoe on tht sierlee I a^  • giv»» l t« Morluzid 
traaafors ft»eoe&«t«^ with g«ia*r«tlng ®o<|tt«»co (.^P,|3 • 
or (St APj^ )*^r«ftBfontt doflxi«d fey 
t ^ ( E ^ ) . * - i p 0^ . 
n Q«o % • • © **^ 
>^ « sagr tlmt J§(a> in tia» gy^tg fiX M%rW^ tmiJa^mUim 
of tlic fourior t«rl«e of the foaetlon fix) by the ^^Vlund 
operfttor» If 
A 
r 
B fbO 
| - X ^r ^ *r *^^  • 'Cx) 1 • O < 0ini ) , 
•here tt.^x) • t '^  { r ^„(x) ) •»* Ht^) in a poc^itire 
noaHsoreaeicg ftinetleo of it • 
file pr<*le« of Apgroytafttlan In v^taam n^^^ fey tHe 
:eeero*Qper«^tore »»§ flri^ itrndlea by aEjaX;-,: [ 6 ] , flnoe 
•SI 
tntii »«vtr«l o tb t r t , n « . , a . ixl l i C^l , ALiSIfs mi 
probltrifi Kid Jaavt obti^ined t«<r«r«I lnt«r«iitiBf r«ault«. 
in* oh«p't«r XI of th* pr«««(it f h««la! hms bem a*vot»ft 
to th t etuasy Qf gueii ^rfltoltffi for th« ^Sorlwnd 0|»«r«tore. 
:Vafl^lE«tion ProblML iHt *«ll momn PximifH* of 
Locallsfttioa t.TO0 stattB %tmt the feeiiaviour of Fourier 
8tr lee rtgiiralng l i s <»mvergc(ico for « ipftrtlouler v t lu t 
of X atpoQde cm the dei^ uftviour of the fonetion i» the 
liHat.e5i»te aei&hbourhootS of the pol&t otxiy. In other words, 
nocver eaudl & mnsi be« the hehfRViour of e^Cx) (the A*th 
pfirtiel leiR of K fouzitr eerloa) 4epeiLar on the aeture of 
the ge£U»reti&^ funotloii f( t ) In the i£ittrral (Y*^« X«^ C) 
QHlSf en! 1^ not iiffeeted by the velue^ which i t tekee 
out aide the l i i terrel . la ia»3, ?BM;kB {,€01 eetehllshed 
thet Joraaa*® criterion of eonvergemee for e Courier eerlee 
I t el so Itf) U)*euGsi&sbllity cri terion at « point, thue, 
i t folloea that the ettissabUlty \k\ of a Fourier eeries 
ftt e point aeseiide oaly upon ihi? beh*rlour of the s«a«r«tln^ 
fUfietlon in the Isnedlete nelri^ouxhood of the point et 
•2® 
wideh t i l t i^ffolut* ^nk^bi l i ty of ti&« Fourier s t r i e s l a 
eOiCi£l4tr«d« 
In X»a«, mJSMKU&I t?3;j a«BiOBi?>trat«d tlx«t tb# 
lUWiitbUlty \C, B \ , 3 > 1, of a rour l t r iperlt* l?? it 
local preptrty. Fftc^iiUy BHiitf \^191 tee ext«af5«d tbi« 
rtisKiXt for \i^i p - \ guKsabllity. On tlie otiiirr hm^, 
^sm^Jilt and iSi tmi.MlB tP4;i , ma R^i41<s \j63] iurtr* 
prorea t&ett tli« faaw&abillty \C, X\ of a FourUr scrloc 
at e point 1« not & loenl proptrti^. ?hU8 i t follow* 
froe th t eonftietiOEi^ ttit9r««i of Vc\«^imAblllty that th« 
eutnatoillty \ o , a \ , 1 < « i «'l» of e 1^9urier «eri«« in 
not « loeiU. proporty. Som th« prc^le® a r i s t e t t to what 
sliouia bt the n»tur« of t h t gonaratlng function t{%) of 
tha .»oiirlar earla^ eo tbat i t ^ dtMsability \ c , ^ j , ^ j ^ 1, 
ma; bte<»at a local proptrt;;^. An enyirer to> thin ({uastlon 
for th« eata « « 1 , «a« giv«n by KGHMtlTY \^ 5f ]*bo showed 
tbat If, 
a 
%h»n ttoa guMie^llity \n , 1\ of a rouEl«r »«ri t t oan be 
ensured by a loeal eondition. This ratul t was gubsaqu^tly 
ganorftllsaa by iJiiAiri U S ' ! • Sr/vri'*' r«eult i e includad 
in ft ffiora genar^l r«i«4lt dwt to 4hmkt ma^ r.-^lrfV'OFf 1^ 41] 
whleb etataii tiiat if. 
-53 
I 1 ..* < «• , f or - i < « i 1 , 
a 
thtn til* »tBB«bUity \ C, «\ of n FONirior tiorlot to « 
loetiL proptrtiT* ^^  "^ ^« r»»aiic««t tli«t tMe eondittea 
ie idso ttteotfsazy tor \€, (K\ anuMBftbillty of FMrlsr 
••ritts. For 0 ^ a J l# BiUtt ( iX''^'\ , U83 ) la«« 
further tscttAdoil tiile tbooroa by obtalni&g It for 
t »^ Pal iMimabUity uluLeh J^« bc«n cxtoudcd by ^(:m$ 
\|40] in aiuktl&er diroetioui , 
$9 many oth«r leemo4 sebdX&r* l lk t I2)A:I, BOSAS,U£T 
aaa Jtl*flXSA8, »:OiiAlfT sad SH^ Tf bnvo «tudlod th« 
loonllcfttiwi preblt*ae for otb»r a«tbodi<i of guaaablllty 
with vhicb « • aro not eaneoxn«d h«ro. 
In ohftpter VX tim •sutbor gttudlos th i i problem ind 
oxttad* « oouplt of reaitlta of fcliAlti ( ^_17J, [^lej ) , for 
\^ , ^a\k ••"•••bil lty. 
! ' . I . Let t ft.^ b» 6 jUveii f!«rlef with t-ht sequenet 
JQwO 
oonistaJitK, r#Ed or ©oasplirjtf r^ca tr*at 
^o * % * ' • • * ' % ^ ' -1 " ^-1 ' • 
tjj i» deflAt'd ft® t a t i^orluRd optratort wlfilcR op»r«tlaj| 
^a txk* s« r l t t - a^ t Of the ««qtt«ftc« !•_..'• jrl«l<3t I tg 
i»orluud tran^foras, ar (i^ t P,^ ; "trioiafori, d«fln»d by : 
(%l.l; V V • 1 ^ J\. ?^ -r " V l ^ J^. *n-r *• 
fe« » r l t e 
•.-..X.S., * a ' „ : , V - 1 ^ , : , "r-T ». 
Krfelefi If. iaothln^ but tb* (^H^%^ traiifcforE of :^ a , 
-!5« 
by t b t liorlu&a opfrator t ^ ii8»«ci«t®<l wltfe th« g»n«ratlmg 
fh« Ct»«ro epcmtor 0-^ ^ 1 or t h t (Cf ix)-optTfktor i» 
(j?.l. S) Pa • V * l " • ^'^ > -1). 
h%% f(x/ t>« ft eontistticttin end p«rloilo fuBctlon witli 
Pftriod t% auid l« t 
(2.1.4) fCiei'^'S* • E («jj COS nji • b »lJi nx)* T A (^jf) 
b« I t s f0ur l t r e«rl«e| nod al»o l«t I^(:K) «»d 0"^(x) 
d«siot« r«ffpeotiT^y th« a«th partial nuii mi6 t h t 
(c, X)-trtoiBforii of th t s t r l t t (p.1.4) 
*« efaaLl say that ^(a) I s tfet ora t r of gtraag 
.^ Pi;>rff»i»fttli,iaff ©^  *^ i« rourli-r »«rlte of the fimetion ti%} 
by tfef fcorlvuxa optrator. If 
» • A 
- 0 ( 0(n} ), 
•as 
whtr* 
and 0(tt) i f • poeitiY« n(M->liicr««ftli:>£ fuootloxi of a . 
Let f(xi b* d*fiaed on an inttfVitl X «n<l euppoee 
« • o«a find two pos i t ive coattiAtt ^ aad i mob. timt 
(?.X.«) IfCxj^ i - f(»p)| J 
for el l x^ • Xg ^ ^ * ^^^ ^^*^ ^'^ ^'^^ ^^ belong to 
liip»ebits olee» A Y •^ brder Y» C < Y j ; i t aa« * • write 
£i%) e A , . 
i^ilASkl* ^ ' 'i > i • ^^ <<^  ^(ic) ift cociteat . 
Z.f. IP^mMnn : ^^t proble» of «fii2£fixteUse.Jl& 
tha atrocfi ««f»e by tbe Ceeero-operetom was f l r? t gtulied 
by Alexits [6] • l ioce fften ft«»erel o th i r t . viz,, AUiliS 
[9] , ALr-UiS end KftAlalJt (OLQl,\n]) , M,i.XIls «Ad 
i,ij.iatDU.K \jls} t £^ i»>>tCfa [«d] «tnd otbers, faeve been tn^e^ed 
with th i e probltfK euad beve obtained eeverel interest ing 
r t su l t e . '<>e are oonoemed h#r«witb the following tlrteores 
of kii*^:vi:-ia [66'] , 
• 87 
for «Ay a > ^  • 
fix* ob j te t of t h i e Chmjrter l e t o etu^y tb« p r o f i t s 
o f Strang Approylmetloit w i t h r«gar4 t o tHe aorluod 
operators. Our t a t o r t n i & c l u l t e th« Abov« th»or«B 
g. 3. ^« eet tb i l i ^h tint* fo l lo i r lA^ thcorvn, 
:a«or»m. i i f t£{p j^ ] ^ f a l?gfflitl>Tf llt'WfUfiit fiuefe that 
( n 4- 1) jpL 
(1) — p - -^ ll.B.,^ fflffl4t4 I 
I I 
(11) £^ |A,»Vt*h O^Pa-jiu)* fora.j^^O, 
£M 
17» o J 
lfi£.aBy P > 2., jfid a 2 
IX f(at) e A i , (^ <V < 1 ) . th^ 
-38 
- 0 ( a" )^. 
f,4. t*c r«qulr« th% rallowi&iii l«BSiaift for th* proof 
of our tti«or«K* 
Xjr ^I^i} *»• » poultIvo ftuqu^eo such that 
/x^i>y.p,|« O^pfi -^) • 
Xsoi &,Y- 2 0, ia« i , Xgr Mr p?cl^lTi l^ e^^ ^Mi /(«)# 
1 a 
n I 
ft fwO 
a " F« „:^ *• I S *^^  ' ^^ *^  
« O ( > (^a>)t 
- f - ^ P - ^ | f { x ) - ©_(jt) 
a v.© • * ^ ^ 
• 0 w^)). 
Proof. By doflaltloa, f roa^.^) , <*• »•• that 
-39 
. ft 
- 0 ( <^a) )• 
l>y i^pottitnie* T&it prove h^aam 1. 
!« 
ft a * ^ 
The proof Of tliif> lM»e in eofttdaod in \.66], 
th«t 
•m 
0 < 1 < 1 • 
JL " 
- O(n-'f) . 
FrOQf. % l^ pofeticfilftt «• l!t«v« 
t 5 ^ „ JJ"" "^ * >^ n^-^  \.V<iy •%(«>! 
n 
I 
n Two 
a 
-^"nfe ^ /^^ «i^ w<«>-< .^r««>^ 
•^Tlfe"yL \«v<«>-^v«»)^ 
- Oc tT^i , 
by ucltti Lenet s for ^ « 1 • 
£•&• ,?.n>al',.oX IK.tfet9i:til» in order to pror* %h% 
ttitoroK* by virtuft of ItoBma 1, It i t «Ei0Ui;b to sbotr that 
^n fs«o 
o<«-^) . 
-a 
ffdloiilni tb« oaiAjrele of smiOUCttI*R pftp«r/w» h«Tt 
VatO 
. 0 ( n- "«*'»»^. 
for laay larg* 1 ^ P. 
SIMS, for p > It - 4 * • ~ i " • 1» ^y 8iold«r*e inequality 
« 1 . , «l I /*? 
X 
' T«0 
< 1 » * - r - * (by Ds'pothtsie ( i l l ) ) 
• O ( »*^) (by brpotheelB ( i ) ) 
t i;«t SliMDilCMI [66J, pp. fSe-J'C^. 
•4« 
Mow, frott tht Idtntity 
n 
(9.6.3) i: pQ^Cv • 1} \«y(jc)-cr^Ci^l y»e 
v«o 
u«iag (p.5.1) and Ltisea 3* wt g«t 
« 0 ( o"^ ) . 
Ag%lci» liiy Virtu* of (t.i^.?) ^d t h t f^et thet 
{f(x) - <r^Cx)}- 0 ( n"^). 
w% tmvm 
a 
^ Ri— \«_(x) • f(x) I 
*» v=«o '^  
• -f- ^ P^,^ \ f ( x ) - '^y(x)\ 
•*» 
0(«-' ') . 
LMiB eowpl«tfe %im proof of th« thoopMu 
Cfcapttr i l l 
3 , 1 . Lt t ( p } tot a s«'4u«iiee of poe l t ive cooeti?snle 
flfuch t h e t 
^« « Po *• PI * . . . * Pn "• * • e» a - » , 
«sd i^poOBt tli«t th« redllue of coavtrgtrace af the powtr 
Po ^^^ • **o • 
I s 1 . ^Itm m^ $«rlca i e^ , v i t h t a t (ift<}ut«e« of 
ISmO 
p&rtial sum«(«Q] » «rt eisalX uae tUe not at Idas : 
(3.X.X) p j i ^ ) • :^ Pa "n ' ^ (0 ^ r < 1) 
XlaiO 
-46 
«»« d«fin« tJQ« Uf p, > •Rais»«6il lt5 operator end wt ®«y 
tiifit e«srl«e - ft^^ • or t i i t e«quittc« { H ^ } * is*! '^^ t P^ / • 
i^aassblft t o ^ ^ 
(3,1.3) 11« 
r "•1 "0 r 
•1 
In X'm special eeaee in uhleb i^ « (^^li * ft&4 
|!^ • ( ^ ) t ic > - 1 , for e l l n « o, i , p, . . . , t iit 
operator 4 r«<fcc«» r»ep«©tltr«ly to the 
(1/ (r.)-opersftor : l». « " '* v"" * •*i?T ''^ 
(H) i i j i - op t r&to r ; A • ( i - r ) i A i^ m^ 
ni«o 
ttiia th« eorrefepondlog 8uisi«&llity c^tbod^ are t h t» known 
as ( l .^-^ai»fe l l l ty SRd (A.)-«*iaii«tblllty > > •l,r«sfpt0tlTr«ly, 
(r\^ i^ tm te^m «ic .Afe«l-r'0lg»0B mtthod (A>. 
e«r iee (n*-!)]/^ i |coiiT*rf«s» wh«rt 
f ia»0 
^-^ n a n+1 » 
/ \ > . A C ^ ) i . 
-46 
7.g L«t f(xj be m. lBt»,irafelt ptr loalc fwaetioa with 
p t r lo j It'it f^ iiti .l«t lt<« i'"ouxl«r e«rl«@ bi& 
'• r ^ l * ® • ' (»i, cofi ^x • b^ sin leit^  
«« dtttfla* 
•ad th« nore 
it tixtr* exlat^- peal t ivt Doa*iAer«aeing ifUnotian j0(n) 
mAa ft. elsftfl '^ of fUAetloz^Bt guoh that ! 
(III) th) e K «> llfCy^-Jytx)!! « 0(i?(n)} , 
tn«c It Iff ««idi tibat thl0 s^tir^di of approximation i s 
s&turfetc'i with tnm or>-*»r ^(n) tnd tm^ ola&c ^ . 
•47 
S.» littmmCtlQJ : ifet f^ Gy« a«flnUioo wee flv«a 
by fAif;.B£ \^ 5?9] lo^ di h« propOfed to attcrmlut ta« ora«r 
and el ens of ««tttration far various 0U£>Kation Kttlooijff . 
V Ino* then, a lot of oootributloiis hmttt b€t«n aiadt* ficdi« 
tiie problf»& of <!«t«ralalnf ta clftits of fiaturAtion iiae 
]C)««a o«tti»l«itrtd by i^il-:.«4v->.T ^741 , SUi^ vUC/ii K^id ftAtARI 
(\.67l, \>8)) una otiitre. fX^hOUx 1 mi WATAM [67] 
(a«« ftlso .^ UiiOUCril [«6]) profcd tiie followifii^; theorca 
for 'bel-Jolit*OB gmnuiblXlty optrator. 
f(x) e Lip 1 (for tliB Kpacft C) 
f'(at)€ h^ or f*(x)e L** (for th« 0p«o« L ,^l<p<**) 
fCx) € m itn t N liPBgt )^ 
rffp#ctiy<(ly . 
tb« objcet of t t i i i Chafftvr i t to d«ttr»in« th« ord«r 
AD' cl«i0 o; sAttirattoa for the approxiiBatlon of funetloR 
tit) by %h9 i«a«»blllty operator *J^  • 
r 
-48 
3.4« V.« •g^tiiblije^ the foUowio^, thfH>r«a : 
In psrtioulftT w# prove tiie following, 
taeor9B g. XLCI { %} fee, a POfeltiyg fieaycpce f^ Uftfe that. 
(3.4.f> in • 1) p^ ^ /; T-jj , 
( 3. 4. 3) I A Pn 1 J^  "^  t 
-49 
( 3 . 4 . 4 ) I r—s; ^ ^ « ' -
atOr«s 3. 1 ^ u "ep#r.ttor t e a a t u r a f d with the 
^f fitflfltlfflBa, far t&tftfe 
Mx) € L^ (fog %H m^ta ^f i<p<«) 
^Hillti 
£(x) • r log k h^ijc), 
*m9 
luB Iftf,, cUgfi„.gf .,.;n^iffll^,a., C<?r wlUBfe 
«50 
yfefgfi 
In tfee i'ptclaX o»©«r *fe«rt ic * 0, »i^ get '.'feeortffi A 
of ;;-o;^aiJCj KtJd ^A*AHI [ 6 ? ] , 
?.6. * t r e h i r e the following hmmB-B for thi* proof 
of our tlatortmu. 
(3 ,5 .1) n I A»jj 1 - 0 , m n - *» ^ 
(:^ft.?) ; I A I L |« 0 (1 ) , ea n - - , 
k«o 
Tfcie proof of tM& Itasftii l e e<mtiilnc4 In th« proof 
of tiitorftss P of (M?*l [14] pp.r??-?0?). 
^Jl l f t^* i l er_(K) ^jJUyi (C, 1) 
n 
-61 
A % ^ ^ t «» a - *• f %JS,m 
\ yoof. ^lttc«, t>y **titfL*8 traaEforffiiitlon, 
lE«0 
w h t r t 
o - 8 
«« Mve by l^poth«8ei!i md Immm !« 
f I (Tats) I « x i ^ |A«al<k*l ) / ' K (i)dx 
O ICMO O 
-52 
a 2% 
• 8 s; A*i t* i f&^(x)dx kso 
gu 
* I V £ l { ^u^^i^* 
s 
k«o 
• n £ ( i i a ) | Z \ « j 5 l • ««.f lAajj^^l • |.«a^ 
ibiO 
« 
^ ^ 
Itelft coKi)pil«t«t the proof of th« loss^sa. 
I lo7.(ic} l^x JS *i t ( n « l , 8 , . . . ) . 
ftfgffii 4* Ut A t^ - 0 j a i {_a ]^ -CCOVt^f 
a 
"5* • ^ •l-COi^TC 
'!'&« leeasft folXo«e fros h^smBt^ 2 «md 3 . 
-63 
(3.5,3) ^ *0 * * ^ ^ ***** **** **n ®^ ^^^* 
\kf fffUflfflfti t«ft lyfftfi 
1 
(3.S.4i t A^ • '^ «^ o«» ax» « ^ tt.l« 
(J5.S.6) I ^^^o* I \^*^^^* *** * \^^*^ ^^^ 
t^Mj^ ^g flMT Jffit fff Ifit SlgfiBft (B, B;| (C, : } , (L, L) { 
14f3it3tR sfrtf i j* 
9t itiiB^rifi g* 
-84 
,,(r) . O (X) 
j j l a -• •• jBit 
A r ^ ( r ) « o(X). 
ixml' -«^  «•« ^^«t 
• - p ^ / ^ -• 0 ©B a - «• 
^»lnc« i^ * 0 for r < i j , «ad 
»o that, for ) jc r < It 
11»0 
•65 
«•• 
Z» PMU \^. S<»^nn^§ (3.4.S) jsE^ (3.4. 
iXSS£» ** <*!s«nr« tiiat 
Audi 
^ ' ^ ; ^ ^ - ^ - * i 
so tikmt 
2 
«i«no«« b]r i^pothceic «« ii«i¥« 
-66 
£ l» l 
lAP, P, !B % 1 
l U i O « - l n a+1 
S ^ • 
eiRc« the lVfM)th«0la (3.4.?) imjaici? timt 
P. 
^^^ « 0(1) , 
n 
BOd thlft lfitfa.lc» tbfttt for n 2 1 • 
"^a a 
I l a 1 • 1 . 
(1 - 1^ ) 
-67 
Proof, L«t ug flitppOf.c 
aii<l 
By tbt foxttila, 
2 
nfT tttF « H^X l l « r 11.4-8 n« r • 
-68 
^ h* h' h 
sine* 
*• HMO ' 
«e c •* » , for 0 ^ r J 1 | 
^ B ' (n*l] P . i ^ (b t^^ ) 
i X 
for 0 jt r < 1 , &y fc(ypotfa«8««l mA 
a « © 1^-^ O f f 
-59 
^•* Proof of thu yh»ore« \ . Ai defined In f t c t loa 
3, ? , w# f ive t*i« proof In t ^ t ^ l l s m i o i e teges. 
(S ,€ . l ) I f 
th«a f i s ooasteAt. 
Par, wt tcnoii from ( 3 , l , f ) tfeet 
<M 
rfj.(xi s jy(A^(jE)) • t y-^ ) y x ) 
VteO 
n»o " 
llu®, wo Ob t e l a . 
f ^Jx)eon mx ^m ^ f t {^ ) A (x) co» mx ax 
-a •': T-O - ^ JB '^  
&»o 
i , r [ ^ ) f . eo« ex dx 
n M » 
•60 
im II III M SSSmmmmmmmmmmm 
T p^r 
»«o 
« a. 
,y^ff II 
IteO 1ft 
Had 
• / f(x)eo« ajc ax - * / J J i t )eoe oar dx 
R 1? 
-1? * 
1 * -
• / \_f (JO - i y ( x ) ] COS »3f dx , 
80 t h a t 
^ P n * ^ 
'. - (^"5^^) 
t p^ r 
XiaO 
i Wtir) -4^ (x)ll f A dx 
«» 11 fix; -J^Cx) 
-61 
I B * 1 
a 
ifmBnqfxwntly t 
IS""! 
^tuF from t i l t ftbov* wt ^«t a . » *-# for a 2 ! • i i K l l a r l y , 
wt c«Q i5rotr« tha t b„ « w for » ^ 1 i»* then we h«v« 
fCx) « t ^ / t • « coflftant. 
(3.<l.?) ^«xif i t esn b t «hovrti t ^ t i f 
iif(K) - y n i - o^T^)^ • 
t jQ«a 
^ (PQ* Pj^r • . . . • pj^.j^ r*"^) \ C x i l l - | ^ l | |« 0 ( 1 ) 
for S j( n. 
or. 
Aj.( j t ) » f {x i • '^,(50 
-eg 
^ " ^ ) ^^ix) 
1 - J » r 
V«0 
amd tiie N-tfe ferlt£J8«tle Keen of A (x) ie fiv«R by : 
thtn 
^s\.«.A,] | | J II A r i l - 0<-5HT;) 
» » . 
j^p ,a)(" J*^ —V'HcC*) li - i i^ ] | | - 0(1) 
E P^ r" 
&«0 
or. 
I* / H-i i id ' - '") v«[ i -* ] | | - oa) 
-63 
^^CP^* l^r . . . • j ^ ^ r^'h L^h.)ll - i ^ ] | | . OCi; 
foil out that 
k I ^ 
tfit 
gixi m t P. ^ix)f 
then tjj« olass U will b« t h t »tt of fuaetlan» wttb 
CTM ||l«« «1 II - 0 ( 1 ) • 
ttn^ ttU.j« will be «4^ulval«at to tlic agsextion tiiat 
(for th« sjact C or L**; 
(fop the space L ,l<p<»») 
(for the iiT»ace I») 
riiiall:y, fey Ijypotfaeeee, 
«(x) 
€(jc) 
g(x) 
C 
€ 
e 
B 
I.' 
By 
-64 
rtpr*e«at« %h^ Fouri*r str ict (Courier ^tl«lt^e*6 i!«ri«9) 
of a. AiaetidB b«ldtigiii|f to th« icdlestod olees respectiv«l:^» 
«htr« by lorpothotdK 
* 2 l . 
i» 9 ih t I ) •nBUltiplitr wmoh in & ^ ,tei*eanvex «t<|ucaoo» 
uaifomly la r, 0 ^ r < 1. rineo It l» w^l Unowa t^i«t 
Ci.*, L**) m (H, !} wad (L^, L^ ^ih^9 M f J^f i^ oiBs 5 , 
II fix) - ilj^ (jr) II ^ • 0 < 7 ^ ) ) <^ o«' c-norm) 
t IT (i«aot«6 ttxft sp&et of fu&otlcmfi of bounded v»^rl«tl(»i. 
-66 
Hoi»«T«rt la *1^ « f i ret caa* ^f(ay - J j.(it)} I t conetant, 
and la th« l&f.t ce^t (^ fCsr) - J (x) } beloog® to th« class I, 
60 
r«g)ptet lv«tly. 
Thie caapletts th t proof of C?.6.3) and lienct th« 
proof of tii« fhtortB 1. 
7. Proof of tatorttt P. -iBc*, by laypothmefs «aa 
l e « quael-coortjE R«q»#nc#, uairor»ly for 0 j r < 1 » 
t h t lhfiiOr«ii 2 follows froa th« f&tor«» 1 • 
m \ L\ "'jl^MU^ kUUl"^ FACTORS lii k SKkUfi^ l'l 
4 , 1 . L«t { i ^} bf it. 8«qu«ne« of re&l or coisjpl«i: auab#r© 
( i t m^ eUno be t:^tja aa tiat s t^umot of pftrtlsd su^ n^ e of m 
iMm l o f i n i t t »erl«e > a^) . I^ «t ue wri te 
(4.1.X; f(^) • (I - x) I e x*^  . 
KisO 
I f t b t jstrlep o» th« rlitet of (4 .1 , I j conv^rgtc for 
(0 jg X < 1» ana f(x) C SV [^1% «-^  tfe« 8equ«ac« {«jj} lu B»ia 
to b t abnolutely Ab«l ^uBEsbl*, or &l^l.? ^uaaifeljlo 1 <M tl '^sl t 
li^ id « • wr i t e { e^] C | A | , 
Again, i f th« s«iri«g <m t h t r ight of 
eutO 
5stier« £(x) « log C^i-)t conY«rg*« for 0 J x < I t «»* 
L (x^ C BV [6 , I ) , 0 < & < 1, t h« i tii« i?«qu«no« {8jj} I s 
csaia to Of akCs^uttly i^a»a&l« hy logarl thsi ic fftt&od (l>), 
-67 
I t If; Imoim tJiAt \A\c=: \ L | , {i9«e \.43, ffaeor«B 3(a)) t 
4.fi. IfetROlXiCUOli: in 1930, ivHiff t^PBR [Tg] •»» 1#<! to 
%ae e<meldcr«ti3& of th^t lnterr«l«tliwa bctwi»ii convergence* 
ana Runmsblllty 1 A i, 'istln^ an txaKple suggesttd by 
u i .n . i*yOt , ht proved tha t (C, 0 ) ^ \h\, FKA^^AP C<><^J on 
ta« othur hmd, shos-ed tba t |Al ^ (C, 0) . um, one of tho 
Questic«i0 that ari»«9 i s faow to dettriEilne a gttlt5stol« typ# 
of fe»^ufnc« {C^} of fac tors sucti tbe t th« a«qu«ne« ^«jj G^ '^y 
©ay b« gucjBfebXt \Ai wh^nffftr (a^} I s conv«rg»nt "? '?««ently 
auFwtrlng: t i i i s 4U»stloB i n tii« s f f l r t t a t ive , Ai t / r aud ;^:ii<* 
\.&] hevt «st8A»ii9l!ied th« folloirlng thcor tv . 
convTgtf&t, gft tfaat : 
Hi) ISn] € \ A \ 
c«« aX«o [j>3 , *art.a'rY snd i A Si 414 [83J provtd 
ojaly th# iaeXu«lon ! \A\e \£i\ , 
-«8 
I t 1A to b* noted tiustt t h i a e f(e<|u«noft ®ai»l;7gu« of 
t h t followlAg r t i ^ l t of th^xClikM, i[69] » Ifa#or«« 1), which 
he obt«ifi«4 whll# provl&i: tb« t r u t h of a conj^eturt of 
.K0;:4I»(»jJLI ( loc , c l t ,^ 
mA 
(1) I n"^ \C^i < • • 
( i i ) >: \ ^ e _ \ < 
^l&et i t iff lEaoma t h s t \ A \ C Z I L I , in ttiie cha^Xer, t»t 
propo«« to tstsBhllgih «»a itnctlo^ic of :lJi«or«a A for \ U\ -
susAiiblllty. 
4 , 3 . &e prove the follMiini; : 
-69 
-1 ^*'^ 
(ft) r • ^ * — « : - ^ — | e ^ | < - , 
•i: o^t^rfm tha t condltlcm ( i l ) of lh»orftm A Imiaie* 
o«iHtl<ja (i?i» wMle («) Impure (lij , 
4,4» fefe rt<|iiir« t h t rollo»izig I««eiae for the proof 
of our theorem. 
LffeM* 1. ict, t i s ] , p , ae | st« «l«.o [eSa] , Lensa I ) . 
If J, atSttttict {e^} Ma \H grgggrtY t,r^ ftl ,l^g 
fuagtlop 
r »» R , •H,__ 
•1.0 »*^ <» 
•^0 
{1* •t:i^•a^lt(;^il'"•^"" \'n\' 
P ro^f. I f 
tn«a li i$ & l inear ftmetional or> tli« Bgaach ««pae« (o). 
ra^rtfOTtt by fcypoth««ls, fe 1» a l inea r funetioisai an 
(c/ *-ii«otTer 0 < & ^ X < I . 
Ifi iB tli« »p«e« (L), AMnevcr s I t ID (c)t (»•« [ i s ] , 
pp.11-IP). Tftft L«aK£.H follow IS frDiB I.eras* 1» a general 
r « ^ i t on l i l iesr optratorR *i tb lis^tferval t t •) r^plfvctd 
by L ,^ 1) . 
-?1 
tfa^t 
o ** 
{<ga>fty|. '^iwn applied to e {i#qu«iie« 
In th t ispac* i t ) , Ltanii 3 «hawe t i^ t i f 
o * n a d* lg^(^j 
for f^Boh k and e^err set of eljpie, tiim 
for ev«iy a«ftiMr8i&l«, esf?«ntlaH:r bounded r te l function 
cieflAttlon « 
Ci«0 
<MBL>apSt J U H M W 
* ' - - °*1 Uxi • 
-78 
taiclxig s^ •• ^ c^>r 9Hch n « o»i,£>, . . . , i»e 0f« that* 
for i-^^x) ^ ^^ (<*• 1)» tfa« coaaitlon (bj ie aecesRery, 
-gala, sine* \^B^} is eotJir^nrnt, l«t 
&&6 let ut ni-lte e^* • 'n * • * * 
(4.5.1) L^i%) m I "'g-I»'"- f-— 
*^  n*l D/_ * ® J\ iTI a:o » ^ i,(x) ' •• nio ^ fc(,) 
i*gtg(jEj • B i-gCxi • fl«y. 
2*-(jti C m [6, Ij iffiplit© tiaat L.,«(»:) S Bf 0 , D . that 
(4.5.?) / U - ^ ^ ^ i i - { |^} i<J« 
1 ^ C «M« S . ,«^*1 7 
-73 
for tvtuy eottvtrfewat j^esiueaet {_« ] . 
I t TQUlmB frota hmm^ P that (4,5, ?> holdt* oaiy If 
tJi«re i s e nuii^iir 'a met %k&t 
for ev«iy sequtRc* {«^\ • la pririlcul«ir (4.5.S) Implies 
tHet 
for «ftoh k 6ii.d crvxy i«t of s l i^s i * li&d @o, tijr Itinfaa 3* 
for •v«iy bounded riil tunctloa '^ixj, > t E.ej atsust* tn 
partlculiir, tti&t U.6.S) aoldi^ with i?(K) « 1 . i ^ ^ I t 
foil owe froa (4.S, ?) tha t 
- «i^ i J O 
sine* th«a. 
- 1 ^*^^ I /.^  d c x***^ ^ ? 
lix) 
-74 
•• & 
. . ^ 
n^l 
< I i - a - • *) I, 
- 1 • (X - t ^) . 
talciag - (I - •"h. 
Mtti9im&' Coadltion (b) tBsures that h^ixj 1* 
i t f lned on l^. 1) «ii«i«v«r { »j^] i s coavtrgint, einc* (b) 
Isapflltiii that 
and for 0 < * j x < I f 
» • ! 
a^i a £j 
^ 1^  I M ft JL 
X} n4>l 
ni^l 
|t(x)| 
0 a-t^} . . 1 , n > l 
"* 0 
-75 
a l so that (4.3.1) hoide* end (Nin.-iltioos (a) e^4 (b) eneure 
1, « e_ _ll+l n , 
^ 7 ifidl^ / u I }l 
^ *M»nl{ KliaO 
-1 "*^ 
. 1 « i * l 
as 
< JC 
/ I « { f 7 ~ l 
^ ^ ^ & ' 
dx 
14-1 1 
log{-f:q;) 
o • 
0*^ 1 
logCl 
CI - 9^) . 
&it> ooep l t t t t i proof of t u t tii«07ts3. 
-?« 
Ace N 
1.1:7.2.2, 
/,*/ o, N . ^ ^ 
?^^.-~ M, .^^  ySU,V/UNlvERb'^^' '>- ' 
b« |5 t# r ^ 
' n I k • ABILITY 
v%l. ,l-.f f4ft4tl^i?.jaii|.,Malaiiaig« **• pupp0ff» throu^r-out 
t h a t 
|»„ > ^^ . £ P„ - * » 
fi»0 
[» 
j^ nd tfcuit t h t r* d iu t of oouirtrgtttee ot t a t power .^«rl»# 
n-sO 
i s 1. Olvtn any *«rl«e I «^ • with t a t iB#qu«aict of 
Q « 0 
pRrticd iiwait{6^} t wt proEll uet t h t ao t« t ione : 
(5.1.X> 
»ad 
(ft.l.P) <J(3r) 5 Jg(x) • pg(3c) / p(x^. 
I f t i l t e t r i t® on tfa* r ight of {5.1,1} i r ecmvergettt iu 
-78 
t he Tight o?«ii lxit«]*r^ ^0 , l ) , ana If 
^ixi e B/ (c, i)^ (0 < c < 1^ , 
tmti ttoe gttiiei? I a^ , or tii« ®«qu«no« {.s^ j^ t ^s «sAld t o 
tor ftU»oXut«l^ 0usa&ebl« (J , p^)» or mi^ly gawmehl^ | J , p^ l^ 
( l8 ] Caapt t r VIII, »«• « l to [43 , and L'P^] j . I t l e fi€ 
t o tot eusBfeablt I J , p^|jg t (163 • »«• »lfiO 161])• it ^ i» i f 
tn«t e«rl<r« (5.1.1) le conifcrgwit for 0 ^ x < 1 • and I f 
for 0 < c < 1 , J(ac> e s?*^ (c , i ) . 
I I i e ol«ar that 8juaa«blllty Mt Py^\i ^f^ ^^ «^ i»«>^ « ef» 
tfee ruEaaiJtlity | ' i , p^ j^ J. i-'or it > 1, th« nuimablllty 
I J , Pj^  I aO'J I J , p^lj^ ar# ijad«|>«nd«ttt oi e»ch otJrMir [46] . 
la the eipfcoslsd e«,*t whtji P^ •• 1» f<>3P ^all a J> 0, t h t 
aboye Kttiioa rtjltoets t o | A | ^ , for k 2 1 . 1^3] # I A|^ 
b t l a g %hm eft»t «r. sbs^Xut* 4btl fficttaiod IA | . 
«»• isirltc 
^n * ^0 * ^ * • • • * % • **• » ! # ! » • . . . 
-X* P-4. • '•' • 
Miti 
-?9 
1 ** (S.1.3} (j-^ m 5*-* : p^ «^ in 2 ^'i * 
a y«o ^ 
«• 
The 6«zles *^  «jj t or t&e ©©^lutac* { « } , IB said to b# 
BUWftblelM, P^lit » >fJt^ • ^^{ff-i|}€ ay", fist jsethoil 
*gel», I t t UB wri t* 
-1 a 
(5a .4> tn - ( r^i ^,^T-i ^v • *« « • 
(6.1.5) /^^ n f*- t • ( a ^ l ) . 
a-1 
and 
i iws th« aumeb l l l t y | K, p^i^^, k 2 I* of {9 ] i» t h t 
a«se «te 
ie.1.7) r a* ^ l^-A. t I < - . 
Th« iM«B«*biiity 1^, p^l^ Of tri% a x p c c a t ^ ^ ' 1 ^ } l». tfet 
• ^ ; 
k Btm% »»l\] e Br . 
Throu^hCRit, ttt uc« t£i« no ta t ions : 
( e . l . a ) G(w; 
f * 0 
^ V-yx 
(5.1.3) H(a,*,Jc). 
i f l 
r 
• p, 
(5.1.1;;) K(»). Hal a - l VWH p-«B 
-v/w M , . ^ . i , P - , . | , 
And C d«aotes a s t r l e t l y poicitire coiastaut, not neeeii»«rlly 
t u t tfK® at caeb 9ccurr«ac«. 
8 .? . 4.'47'y^:UCYiaii. iiii'.*} ( [ 4 ] , rheores fCfty; 8«« 
elKO^P] Ch«pt«i«r / i l l , TjMsortE P.) ti*e prov«« the follcwiiig 
Abellsn Vhttox^m for | i , p j^ -p«aitts.rfl>lllty. 
I^fi£i:m-4. 1'^  . %|c:l^f P^I. 
-61 
kB cowrtvm9 af t i l l s th#or«» (XhfHart^ i 4; Af*Ai5 gjad 
\V4.".ii..*J V.S] ^wir* v t ry rucimtly tetsbllsshed the followlnii 
IWO 
kL^mmmjt\'^* iw\ jsi t^ \ e ?^ 
( t / » iPja / *u»x ^ ^ ^^"^ B - 1 , ? , • . . . % 
>»n^ 
iiii Kim) > C for » 2 1 
then f: a^ iffi. filHIfl^if \ ^t %1 • 
XUBO 
XUiO 
[ t ^ ^ C B^ , Mkd I f )^ i> j^ •atlefifcft tJttii ««ia» eonditianit 
(W 
-tila 
y^oyf» «^ U '' «|| f^r gia»^lt U* ^1* Mi 
timO 
Ih«y faavt «leO #ftabll giied t»i« foilowlBir Taut©rt sin 
aeor«K for tii« \ir, p^\ -fUBa&bllity. 
m 
liifc obj tet of thlR Chapter I t to ©xtead th« 
>'tt®ore«« B • i> for th« f;«nt3r«'ll»d s«tlio.|0 \ J , p \ ^ 
Slid the th«or«f» *• for\Mf Pf^\^ • 
5 .3 . '*t eistiisllsia tfa« fcaiovilug T&#3re»f'. 
-s? 
rimoffeB !P. ju» lac A ^ 1* ^ «^ i t aiitafifeln 
(I) -sr-tt- < c , for a « lt^»... 
( l i ; —ij; >f » for w j l , 
I p . - » / ^ . *"^ 
y 3' A ^ f 
*IM w 2 li 
. . i' « 
y«o 
23»0 
ih«Qfit s. u ^ in fiwea^Xg \'U p^ iic f J M . 
lEtaO 
symO 
' imp ccKMition I f void ror ic«l. 
•es 
r 
SimO 
5.4. *«• require tfet foll(wl»« l«K»te£ tor tint proof 
of our th*or«Bs©. 
ap 
ital *a-» v«a y.«a ' r • |^  
«l*(ei • - • " '' "" . 
i I ? t ' ^ ^ ) 
n«o ^ 
-64 
r raof . Vii* nroof of t h i r Itmam Iw knows \!6] , » h ^ 
l O ^ ^^*^  • '^^ ^^^ present osstt tfa« «•««<« proof hoi^e t 
with ellii^ht ffijj'llficatlwJii at ecfrtain polntf^ e give I t 
here for coffipl*t«nepe. 
I n^ t , by ( .M.e) m^ ( S . 1 . 6 j , 
5.4,1^ Hjj - t r — t^ • (tjj - \»ii f for o J I , 
w« (^tf i ln 
iU-ac«f 
(5 .4 ,3 ; . P a « i , « ^ * * % ^ ^ • " ^ * * % ^ n V " ^ * " 
OI» li B, 
• r P-,« "^8 • ? • t 
n .1 "^  r . l • » - ! ^ 
iwo i^x 
^ ;- -JL-. t_ I IL • • 
vii ^-i ^ ^ ^ *" 
-66 
th« inversion In th» l»®t mm bela^ Ju;ftlfl«d toy abftolute 
convtrgtaet *b#»«v»r[tjj^e i/*^. For, xmA^r th« t ^po th t s l e , 
(6,4,4) i' ii^ J*-" \ t \ I P x' 
k ^ ^ 
r , S t 1 , V k 
|x«l I awji^  a-1 v«n '^  / 
** /k 
-Qfi 
s ^ 
k- l 
A t l^  
Vk 
i K 
Bluet 
v-X 
which eonv«rg«s for 0 ^ x < 1 . 
I.X eo, for n » 1 , IP, S . . . , 
7 » 0 
v^f 0 ^ -
'^'i^ P»« • " • ) ( / • " • ' VaO tr«aO 
-e? 
• * * * K '^" ^n^ • n^rl> y^iO 
iMertfore* froc. (5,4.1'v ®iid (5.4,5;t far •-' < P ^  «* • 
St «• 
nlA a nil ClT » * «^ ^ ^ 
^ 4. fflKA,, .« ^fel,„ .B.a £sS X 
i. p % * ' n • 
€"^*) 
* . . ^ 
« 4, T l W » . I -I I i, IWliAii W i i ^ i I l l i n n m i i l W B l i l III I .11 11 . 
"O ' m m 
1 ^ o HM 0 
P, 
. l¥ l , . i ,Vl i^° '^ "^1 *" 
-n» 
•Us 
o •• 
I 
fimQ 
^ ftffA • B'^i , 7 TffB , , , 
P t me i: f « "xie 
. £ » ! Po^a • 
-n« 
a 
"He 
.^^ k Again, eUo«{ , t^} € B/"" , th« s«rl«s 
l e »bfH»Iut«Iy ooaT*rgfat, hy (5.4.4>. 
-69 
ana V > an ) , 
d 
^L''r'> V^ -i^ -^ ^ 
( i^ if? due t o 1'-C¥H.^,-£M ( £ 4 8 ] , ^it ptkg% I S l i . ^ ^ 
( i l ) 1 # *»« t o AA^IAD and tMii^m ( [ 6 ] , LISKK 3 (11) j . 
-90 
Proof. I'ht proof ot this Ida©* 1# KAOim. {;•*• Ai:#Ar 
COtSpXntVXlC^ft c^^v^A, JA£^ 0~jijyLi -vC ^ -pA^cn/^ -U-dC jlil^vv^,^-^-aj •^'^ lk<L-
r l n c t , 
-1 
(5.4.6) J^ < (^•{1 - t*^^*i} <Jg. ( * i l i » 
wi^^rc J . «nd J^ a r t two jgultaOl* p o e i t i v t eor^sti^ntt;, 
we obittr<r« tJ&«t, by uottition ( 5 . 1 . 6 } , 
a»l tt"! v«a usiH ' i ' p £ 
•iAw T -"^At/ T j^f^ T 
v»© uaiO I r 
11-1 ' B - 1 v«tt }i«ii ' r ^ Y-
^ ^HriMMH 
V« 0 u . » O 
JL 
so t h a t , for k 2 1 » '^-^ ^C^-e <^^ajj >^c > c o ^ ^ ^ ^ ^ 
•tl 
> • - i r . 1 " ^ *• t 
^t-i ' '1 ^K-i 
^n 
by tile hypothesis »M6 f&ot&tlon (5«1.10}. 
ikiift co»id.»teB the proof of ti-ie lesma. 
"- " VaO ' J 
jQ«o a « o 
£ ^,, »^ &f feoti^ ttQAvmrnmt for 0 ^ x < 1 , Xfefll 
OmO 
f(ic} € -^^5^ € B( 0, 1 ) , 
lh€- proof of t h i s ItiOBK tis ea^y. 
-91? 
* ^a ^ **" 
Th^, for 0 ^ X < 1 , 
tm 
^ h a ) «Sa 3t 
\fixi\ < ^^ '^ s^ 
-a * «• 
JkiO 
kSSSOLS.' 11 9n tfi f^ *8^  l^>&t TT^ < -• Mifit i 2 £ 
H(ii,«,tc; « 'O (l-«*^''* ) 
-93 
.4 (n,x,k)« T s » 
h *y-^^ 
k-1 
iilC '^ 
— *• 5 Q-;^2^ '^^  >, i 
• « • ! 
i-E22X» 
i (n, i», l i ) « 
4 # r/«r 
k-1 
Vt 
< t 
m / • kn 
v«n 
g 
•a v« u. 1 
k-l 
f 
n '-trrriwr iriw—iwiim i ania — IMIUJIMJ, I 
-94 
E 
'Y/% 
i c - 1 
£ i'. •r/w 
< K 
mt 
•fff9 , 
-v/m 
k-1 
^aO 
-v/» 
i c * l 
K 
t " ^ / * ^ 
v-a 
. • y / » 
k- i 
(l-t*^^) I .-^ .-^^ 
y»o 
^ a i , ( las _ - « . • X 
k- i 
v«o 
A. 
(l-*-^^) «-l • 
by l3ypotr.«sl» ani L^sisft 6 . 
•95 
LftMBfe 7 . ^ f t 
ihrnl 
jsM Y^o, 
(t) 
ii> 
- 1 II 
& « r n n 
k 2 1 • 
i^MAd 
I C I 
XM^* U ^ « i e i3«r*^  , l ^ a l ^ ^^ ^^  • 
'ihitt I s 6 generfellEatiari of & r«««lt of .vc-.i/u t^T \_»') ) , 
.ir«fi,l» ^lac« 
bjr ^ pot he (lis* w« aav« 
-9« 
n a*^ 
»«1 
a-1 tt 
B , > (,Ix^-^)''IS-,n 
M l . 1 • ) i i . . T r i»«ij,nM.l.ir / ^. 
k-1 
^n^-l'n y-^w i I V Til J V,i ^ >  
k , ** 
ic-1 
y - y^-i^  
i K 
< -
-9? 
IhiB C9mpl^xt9 til* proof of t b t leiasa, 
ljeef«i>^|y! Tfen eosjltiOB l»- fi«ctrg&ey. '^or, IR order 
«• 
XUiO 
- j^*^*""^ ^^ a^-^ ^ -%^ '%"lA 
J.l'^'^ l^S -^^l^ •^'^- ^-i^\ • 
J Si • K 
ailUciiasSr: «e kao5* fro® ( 5 . 1 . 6 ) , tHat 
•;J0 
Tia«r«for«t whim ^ t „ \ C B?* eaa I- *^ 1« i^&iealile 
^ ^^ 11.0 ^ 
^ r. • R 
Thtr t^rttlttftttR t h t proof of fJa#or«ai 1 » 
5.6. i'Jr^-gg ^r XMttS»..2* «^ t ttf!« t h t following 
a l t ^ m a t l Y e d t f ln i t lon for \ J, p^\jj-#awieblll ty. 
Tiifeii t a e t tKi t» K e^ , or the sitqu#fio« ^ » 1 » l e 8®1<I to 
n«o 
I E cc»i7erg«rit for 0 ^ g < «• , and If 
• a j 
-09 
o 
•1 / 1 
an^ tJiat ii i s « poisltlve ii i t«g«r. 
iii:^t, for two Ryiitable pos i t i ve coiijitatttg J . ?jsd «r_ 
-1 
,r^  < [wii - •" '^^ *ij < ^ '^  , 
'« hav« 
-luO 
8 Iml ** & 
H-X 
> c 
»t. p, 
tt 
ii«X 
by hypothe&«:6 imd I*©«e*, 3? ©o th«it i t I c tsaou^ii t o show that 
4^ 1^  - O a ) . 
,>icw, we w r i t t 
If 
lE-1 A 
Vk ^ / k n ^ 
• ssy • 
i^ « wi l l coQ^ider c5j^  «ii j <.g stpttrfttely. r irstXy, « • 
h«v« 
1 0 1 
S ^ - ? y/^ k - l 
J' («* -^ * r 
" 1 ' w ' 
1/S 
dfi 
Ou), 
a^ k 
i»ert« fine* 
Ml p «• y V 
uml '^ ^'n*i v»n 
J ' ( - ^ i 
we navet 
I* ^-8 1 
1 « * 
I d ^J'-'^n^A*"^ l^ l^^ ^^>Y%-e » F a - l v»ii 
- ^ 
T v - ^ 
( :: r, .-V*) 
v»o 
-log 
It 
Vk 
It <!•' 7 
1 
m J ^ „ « • 1r / I 
¥ • 0 ^ 
1 1 
S o * I 
^_-« 1/-, k-l/n*! 'a- l x*m>l ^r»n yx.Y v '^  r 
«•; « r * - - v ( « ^ - i ) f ^ 
L^^-""") 
n03 
"TaiO 
•* i^ ,' ^ , - » / • , « i*P " n-l n-1 »•» (A-B ^ r » 
It ^ 
-v/w V 
X / *^(« ^^) \ :r —7-7 ' * 
k r n p^ it 
r»l 
1 #_ « * * I *" - y / , 1 
X 
-104 
r— "^^ I 3 —i ;* 
I-L„ k - l / v«n ^ « n * ' ^ ^ ' h 
0 
k-i 
T*0 ^ P«0 
, / J aj i_i— L —^ I ^ 
fy^Cl -*"^^)**^ (^  £ Fy •"•'^* 
ir«tO 
(by lessee 6} 
-105 
h v> 
Itel a - i T w f 
•it t 
k r - i p„ St *• 
n-1 
r*^ "^ \ At \ ^ ^(J3^x r.A^\lMJLJLZ U i 
y«o 
^ k - l k r -1 p^ It 
l i ""X —^ /_ 
• J&S > 
^-v/W 
*^ -.-1 k r - 1 !>„ k 
k-1 k r -1 p„ k 
-v/p 
- v / r 
< K, 
ZIMX 
k*X — ^ ^"^ X 
' '^' a»X n* ^ " 
9m O 
. - V / P 
1 0 6 
^ s i; r' * (AtJ ~ ^ 
^ i r - l - *t 
by i^potta«ftis mid I<€@Bia 4. 
icn 
M A M M M 
(X . t - ^ / 2 l i ; * " ^ 
ic-X (3*^ 
» (X**"^^*'*)^^* 
-107 
for F ( « ) iu bouudedi tA^, «>isll»rX^ elac« 
Jt-1 
iwr 
,-«/S..»-l . Oir^-h . 
• hairt. 
^ • ' • ^ 1 . . - 1 , -
. * - i ( £ f.,'^^') 
VaB© 
k 
h' 
'ys«!»»l c r n - i v«n u -n ' f^ ^ r) 
v«o * 
-i:8 
•tW ^ 
^ i" ff i' ii>fi.,.iii iT i i i^ i 
1 ."-^C r. !•.-'/') 
t 
k Ic « p- k, - -r/w • . 
X i r • ( *^  • ) *» 
" « r * ^ / » . \ i ^ " ^ / i . * '"^ 
v«»4-l '^ ' n-r B*i v«n yx«n ' i 
d« 
IN' = 1 _ k *• p k 
«• «*» k 
^ 1/^ k-i / / • ' ' ^ '• ^8h-^>Vw-K / U "^;^ ) — r*" 'g ^ a. 
1C9 
4MI 
« i c - l 
VmO ^ V « 0 
X 
r* 
F. • - ^ / * ' ) ^ 
V«0 
(by t^pothcsis (111) ) 
k 
-1-
X 1 f= ~ « ) '^ v 
^^  -/c-a , ^ k - p^ k 
r « • «*(i-i ^:^ JrL_ji 
"(wW^^T^^ \ r^ r .-^/*)' dhi; 
ytso 
< K J r* ^ lAt J I ( T - ^ ) / -* - z^ - -« ^ 
"^ ' ' 0 m. * •• » 
~Ul 
•i t T \^% \ I -^ 1 . ^B 
n*l 
^SsLl. 
.-V/JH 
- • / » » 
yi.f, 
V»0 '^  
-r/nr , 
.ic-i k r-1 p_ 
- • / 2N-
V»0 
^ . _ , k ^^^ % 
zxM 
3r " t _ 
_< K 
-ii? 
by ltqrpoti&«els sndl i6fiK& 4 . 
Ih»r«for«, 
C±5 « 0 ( 1 ) . 
Tuls co@pl«tte tJa© proof of i M o r t * f» , 
liieorcm 3 1^ obt«»l««d by combining the r^eul tp of 
?iteorfi^ 1 end g. 
rhtor#ft 4 i e obtained froa Thtortia S by sri .appeal 
t o T*tWi» 7 . 
' a i ; p t t r fl 
6 . 1 . Let I B^ b t fe slir«i Iftflfilte e«:rle«; ^%%h tfe« 
f?equifac« of pa r t i a l num^ ^B^] • ^ i* {9^} ^* • 0«<|u*«ic« 
n • P© * ^ "^  • • • * % »* C, I « p ^ » 
and 
• 1 IS 
like e«rl€f J" a^ i s »ala to b» «.bfOlut€iy «»*i3a8ft«bl« 
(i^t pQ t^ or mtmmblt |i*, p^ ^ j l ^^ t j ^ i ^ SiT, that ip 
«n-* I t l e ruid to b« iBurm»,bl« J IS, )P^ ) ir» * 2 i t i f 
It^ -^  e BV^  I . e . , 
-114 
Ih€ Kf^ thO-i JM, pjjU 1 E t i l t f^ affit «e | ^i. | ^ | . 
in t h t spec i a l cai^ t^  in *h ich 
wfeere p_, i e -itfirAea by {6,1.f>>, l e th* saiae ae ©us^abi l l ty 
|C, alj^ and ttm f^iKSsbUtty | i^, Pj^[, 1 R t s e seJce er 
|W til* 
Lt t f ( t ) b« ig per iOi l lc fur*otion, ikltn pe r iod ?» « 
aiadi in t cg r f tb lc La t h e s t a g t o< «ebe-*-.|rue over ( - i , - ) , 
and l « t i t s ^'Ouri«r iic-rl€r b t 
-N6 w r i t e 
c^Uy • f d > t^ *• f i x - t ; . 
-115 
6 , ? , A,f]w -^¥*^ 4-M' ^-••-'H)>i.i ^P33 provfd t&«t th* 
8ua*mj:'0llity \-2^ gi\, K > 1, of thtt courier ' t r l eR of r^  
L-irber.feUflntcei;*^!* fuKctlOG, at © glvftt nolnt , (f<rp«r*ris 
oiily upon tbt, btlaavl'aur of Xh§ imier^tin^i functloi. Iri 
tK« i&js«dl«t« a^l^hbourr^ooti of ttit point , «ad I* t a i « a 
l a e t l profMirty. -iO:;Aiv.^ ;Li s»tl K. .x:„. ie-i ^ H ] neve proy«d 
r.a**ir«rt t,ii&t t^i« aftistmcblllty Ic, l l af i^  ?"ourlcr ^trltfg 
at s point 1* not a l oe r l property, Tmie, t>y the 
coiigiRttacy ttJifOr«S5 far i^solu t f CeB^ro jgus^sblllty, th« 
!^.ffiE«sblllty \ C, al ^f « o u r l t r 0 t r l«e Rt G point ie not 
ife l o c ^ property for 0 < a «S ^ • 
i eii^h\.A*i \_4&} has proved th*t i f \h^\ i s noa-fiec^:tlve 
«:JV? non-locrfeiela.., «ind tli« i"«qaenc« S p ^ . , / pi l»-
iiou-'aecreagloe, t l i«ri \ i i , p \ c i \C , 1\ , imip., tor meh 
typ t of «»e'rv€i*etfl. It, follow© fro& the tritory of BO;:.A;>. '^J'sT 
anrt i<* ."iu-:. i.ii ^?4 3 aetitiontd above tha t t'm pussittbllity 
\ «, pgi of a '^ourltr E«rltK I f not s locid propi^rty. ;^  
refcfOii of tMp fa l iu re isay be- ttiMt tinf j.ebej?^ue irit«gr?^blllty 
of f ( t ; Oftr (-^»'^' by i t s e l f , ^,Q€r, s^ ot wftrrant a^jythliig 
ot.yoiid ti*« nigj'aptotie o rd t r (-jitiaat* vlar., 
•116 
as R •* •* . ^* f^^t th^rfefore, bt l a t t r t e t i n j i to iiav«stl£ate 
wcctnert ay iapoBlaf^ fioa.efth»t gr t f - t t r r e s t r i c t i o n upon tiie 
«>«jnr-/lour of \ ^ * i » *^ cc» fkake the ea»?4?sbllity \.*, p ^ | 
of (6.1.?) at a point dtt)*Tiv1 only on sn fetMiti0iial conUtlon 
of « l o e ^ cbars,cttrt tiifet l«?, a eonclltioa defining Ifie 
h«tm¥l'-3ar of f ( t ) In the Issifdiate msighbourhood of the 
polAt coasldei^d. rtit- answer to e i^u^ptlon of tisla crmrt^etex 
i e dut to Ji^iKxI aa-* '; ' ' ' ; :^I. .Fr ^J l ] , who craved tha t i f 
'- lAj^ (xy I / |j(t « 1" coaveri^eat, tlvtn the suissabiilty 1 c, al 
of a •-•'ourier ser l t i t esus. '!?« eautirtd by a local nrOT>»rty 
»iitr« *1 < a j£ 1 . -'"i* caff« as » 1 l^' prove*! by :A.i '\lt-^} 
ftBd tfae ismalo&oup profits, l o r \ •-<• l o , a, 1 \ »usaabll l ty of 
ft / ou r i e r s e r l t r Ic aieo ts tsbl le i ied uj B.^i.: [_16J. 
iy^kl'i i t l ^ j , Ul^3/» fc'lS'O lave lit i*«t©;^ the corj-ditloog 
ur.i5«r wtiich tii* £?ui«at>illty \l*, Pj^\ of «• ^.'ourier E t r l t s at 
a roliat C&& fe»t ensured ty a local ctsis^ 11 tio?; fcftu proved taf 
f oX I c« In;,; thtoiE*t-«. 
• on 
JEi3 
-117 
\\^T^i\ 
< « * . 
J^<?yfe^» ^ (j^teDs];: II{,Pu'J ifif>9^9)^lg 
^SRri^axf ^ alrfift „. m^h.. \Mt t i -^ fl n 
•TiTir ^ -JO 
a«i^ 
•tfte object of tn« pr t sent •-luspter Ip to €ifttit;d t'* eor«Ke 
A pti'l B for j / ^ , |:^J jj,-su»afiblilty for it j ^ 1, 
•<f «etBlll&.fc. tfee followlii/ t/ieor«^®. 
-116 
Kucl... t h a t "„ -• » , jyg a - •«» , 
K 
(1^ ^ :,i •'^  \ Iss feouiid#di. 
MJ»V n 
( i l l ) i- JL 
(nn, f 
< « 
( i v ; y 0 
asd i f 
I —*," < « 
i t i s furt t t t r oDe»rirfed tnat the aboy« thtorfB -io#f! 
not .'^ 'Jlrt ,AOod for cer ta in caw^t.* for rx©iK3l« p^ ai 1 , 
•for f-ll n • to coy»r up t;he^« ca»*>e *e prove ta* roilowln./ 
the o r* SB. 
-ix^ 
{ i i i } ' ttHTT) < « 
MJULI 
liai'*\ 
iC 
< - 1 
n 
6 ,3 . «« requlrt tiJt foilo»iaf, leir^ft on »blci: th« 
P'oof of our th«*ort"0« r«'et«. 
VfW-fr^ 
, " • AS «i * '^ , 
i i> 
i i t i j 
• M l ^. ^1 iiiijiiiWtiii I p 
Hat 
X 
0(4-) 
> ^ - ^ \ A ^ P , . , > \ 
K-1 
0(^^> 
-IPO 
and it 
^ «w 
t tm i tfit «»fri.t«» J. e^ Ip 8Uja8,iable \K, ^ j ^^  
fyot^;; ffg ting letsK^,, . .L«t ^ t^'i bt as dtfljitd in a . l ^ . 
\- *n-l • -?; , : / . - T N - C H H, "n-v-l -T 
c » 
, R 1 ^ 
eo tii,at bjf kliikOKi^l*® luec^e l l t y , we get 
] | 9* 
r>« 
• a i Q 
n i t > * ^ 
a n ir«o " ^ jj-lv.o " ^ ^ 
S \\ - a^^ i AC-r*-^  K p 
a it "^  
k ^^^ 
k 
^/k 
Vk /A 
.Uo», by asplytn^ HoXitr's i nequa l i t y . 
*• 3C.1 L ' j i H tmO ^ ^ * ^ J 
^ n k 
* X l r 1 * ** k ft ^^"^ 
I n y A t * ? ^ ) V S i p \ B \ • 5 E D '^  
:„«-ic_^_^i*c «* k. .n 
n 
-a?» 
P« ^ 
at 
wU«r« 
l.e 
^ui-
0* 
Itel 
^ ^1 
^M-X 
»F ' 
"n 
•• 
> 
(-
I 1 
s«y 
% 
ii"l 
»1 o n-1 
- 0(1) I 
and 
*• i c - l . P« .* 1 . ^ ^ 
< K ^ 
tt.1 ^n * a - l v « l 
^•1 nmv n ii"l 
* 1 
-IPS 
^ K S ' " ^ C-^) 
y « l • 
i C I: • !ii 
K 
V»l T 
0<i> 
hu# 
"1 
Neo:t. 
OUi . 
s? Gm\ VaO 
k 
\ 8 » \ ii k-1 
-i5?4 
^ • j ^ * ^ y ,11,11 , 7, ^*-
k 
I — * ^ i: •- - • A 
£ I 'I — ~ ( -*—) 
k 
. 0(1). 
^ 1} eln /2 , 
i^fiifft ^^^^ ^ 
i '^^ ^^  sin u / p 
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^JL^f i^^^ C i ,( .4ff"/g,/ l . ,§\H^*'^/tiM ^ 
^* o ' I s l n ^ t / p J ffla^/8 
(6 .4 .1 ) • ^ \ _ i j i • '^aj • ^ ^ 
lieziett t o prove ttM- tfieor*^. I t Ip p>fficlfti.i t j cr.o«i 
iv- ^ i r t u # of t L t leffiiiat t h t stMUCiice {^ ' * i i l be eug^siebl* 
\ . . , p \. I f * ft p rov e t hat 
( 6 , 4 , ?) i^  —r*— < "• . 
n 
i t pro<s««a t o prof?e ( 6 , 4 , f ) , r-jllowlc^< ;:^-A::'1 [ 17J 
.1tfli:.# - r ^ ( u ) &t^  fo l lows : 
^ ( ^ n Tj/P) sin / ^ •: •' i u ^- n> 
I . . "^  
.ijit:., t o r ^-^ '-^  ^ "i « -"^i'-*/ i a of c-OuKdea / a r i a t l ^ jn 
and coutiiuuoug, » l t i i -^iOj « : , ,UBO -J^CI-;) it fco-jndfed 
• n . j - ""^ ("<) i e liitt>j;r&bif> * j , ^.o«., eit.c€ -n-iu> l f^. af 
^oaiided Jkxi&tioi* ir . ^.» ^^.j, oy a * € l l i<tio»i- r e n i l t ( ^ 7 6 ] / , 
-ipe 
A^i%) m Ay (Xji ai •^ 'y • 
n 
m * /. / -^ iU,> &iu (nf / g j « ** 
^ 0 
iy / _n-(u) i^;lil(n-Y• /r^ u du 
A .n 
¥» 
o 
• i r A / -^ {u; ^.2aiaaLt-ZEiJd 
f ,^  - . V C6i {C^^^/pj 
* 0 Cii-v*Vp) 
+ 0(\>Si\i . 
et 
"l^ 
I h e i i , «i« fi«y« 
.vl^iei^wl)'. 
.^^j^ • OCXi ( r* \ y / (n-v; ) , 
l i j ^d 
'ri,e 
r-o, 
(o-v*-^/?)^ J 
p- ,75+0 
wuer« ta** iJEittjiratiaa i f t.'-«,ti* ©eptrately over t/ ic rsi"^ %*e 
^^ g * 0 ( 1* \ y / (n-Vy^  ; . 
olit'Ctla;g 3ar r^suiist »« ootaia 
I j j - OCl i C i M y / ( a - v ) ^ • 0 ( \ A ^ i 
-1^8 
0 r»*l n*-m *» 
0 ( i ) ( i • J- • -^ * ' Wl 
-^. trs^ (6 .4 ,4; . &y nmom^V ^ Int^uiaU^ ^t j. 
e* 
tm^it 
*^1 ' o ^ t i * l i-
Si 
ic ^/k 
thai 
IE V k 
M V k 
• ( I ^ 
t' 
n 
k ^/fe 
Vk 
r i^i 
- L-i ' 
i /k i /k i /k i/3t i /n * 
<6,4.g;, i t igv t^utn^iimst to eho* tiiat 
- 1 J S 0 
tC 
- \£r\ 
v 6 , 4 . 6 i i' m I L *' ^ jt , ( i w l , P , 5 , 4 ) . 
It 
k 
k 
3; (p ^ i — 2 J - - • I — £ L - ^ ^ 
it 
<w 
T7wV * o * * 
\ A«\ it ' / ^ 
I ( * v'>^( i: — « - i - ^ • I —^— r ; j 
k 
Coy iiftko*rhl»p tnt'^iMelIty) 
- 1 . % : 
and 
_i_ /"? _Lk^  
X 
m I - ^ I i ~ f 
^ 
1. II-1 \ 4 \ 
.^«(jo 7Z2^^^7^^^7P7 nml ' n \ v»o (la+ir) 
*o W«o ( « • » ; " /W«o (a+T)^/ 
<bf Hcig t r ' e la«<iU»llty) 
1 " -1 I V ^ ^ T T 
^ f 11 •mil— V iiiaiii r III! r i i f i w . V * 
k 
< M. E ' — 
r«o 'V 
-S "^  t 
-ISl 
« r; ?_ L _ / ?a> 
(by H«!l4«r*e latqu«llty) 
k 
^ £ ""€"3 , gl'" t -fc^ '' • •""'""" A 
«ft a t 
< y ••• A r 
n«l a * v«a 
S ^ . 
by hypoth«ei». 
-13? 
r roof Of (6.4, 
< / ( r AgiiM I V • , • • " • .T. i^i . . . 
i/cF { /^yP t A 
v « l yp •• ' ;7«v^/ ^ " ^ ' ' - W •x-
IC 
< R r 
by h(]fpa>th«£i8. 
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Proof of i 6 .4 .S ) : 
^ w i — W W — I M — — W W I I • • • I \m»\mlf 
• ^ ^ M l 
0(1) J: - | - f t innr, ' \ 
O ( I ) , ftS 
roof Of C 6 . 4 . S ) , : 
i« .«, ,• .S 
r _i. / "*» \bL 
i t - l 
(by ilOl<i«r*e iAt<iU«il l t j 
-1?4 
ic 
^ X i: V * * \. s. • ^ \ 
' \ i * ;^?,g • ftfor I 
««ii«ri 
.^  y'S I .,...,nrJ\. y- - a i l 
^ K I St— 
< » , 
by coafttttoa ( t i l ) or tii^or*© 1 | 
-1 ?'b 
^ 7 ur ^ •111 grwiiij wn • » •m'Vmmmt' 
^ ^ 
••bus, fijueixyt we o b ' t l a t a t rt.^^lt of {'>,4,9j. 
*>'& <«5s#nrt Ui«t for poa i t lv« ri , i'ie»»»«vtr ©aali, «>ut f txtd, 
oal^ wpoju t t t b t i^yiour of IM ,,mmT&iti^it iwi.ctiac f ( t ) 
.iils c o a p l i t t s to« proof af tii« i/itorts; I . 
taeort t t , »« iriftv* oaly to fsttm* the vfdidl ty of tr.* lr*equRlity 
) ... < !i , in tf.i« croof of (^.4,.*>j_ • u«i.\^ «ir the cot-dlttan 
c» i ^ 
^ - ^ V^.v\ 
•186 
K 1 « - , 
« -1 
JS K £ (a F ) 
by tiut eondttion ( l l l j * of tti«orttt 9. 
r^» e(i&pl«t«« tii« proof of ihcorcK S. 
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1 • jfix • ii(i6*i>/l,^ x^ * , , , , , Joum«l fur «Uji 
rtUifjm^ «MGL|;ttitM «^ ls«tk*witlJK, ( jstLLM) » 
V,:-e, 4:iitid», l . - ivtr i i ty of ^ftbalpur, 1967, 
MJL£' MXk' lA&^f 1 Cl^n) , 31T7. 
[4] :^ %ht abgolutt «tt»Mt«blllty BttiSfO i^i :.me*A oik po»tr 
[5] Oa tile al^eolutc At>eX saosaiJllity fftOtorr l£t « 
ctlu^.'ice, to fti^ter In t a t ^mdiftH ^mu. £»Tf.,„Blld 
-136 
[ e l T<stti»trl«Mi 'fiitor«««i for \«/» p^ | •«*iWEabllity, 
[7] ,0 ti*# Of'Str o.f mpproxlafitioQ of ?ejer %%9Ja , 
# M f irte* Afitift, ^affe* 3 (1944), po-f9. 
[&] ..lie cOi'itrl'outlo^ « l a Thitorlt eosistructtyt a«« 
[9] :ur l e e bora*^ 3t !» Tsieorl* tl« 1 •epproxl^stism 
Hiilk* ifijd* Jyyii* iiyyi* i ^ * ^ (iJ63>, 3]^*?4o. 
[lOJ 0b«r «1«n 4rtjieia«rttii|,.i^rad dcr Ap^sroitliafttlaa in 
4 J l ^ iM£3L* JyyOi4« Acfcd. : cA. 8 <1963), ?lfm'$f^. 
Fill wbtr d i t Aijproxlffietlofi In etftwen Silm.e:, h^tm 
im 
Alixitfi!, 'j.» end ^^tladltrt I .^ ! 
[XP] Jjb«r iflt Approxlaetloa la gtarttta Sixtm«, ActjR 
[14] A TrfaliBf m\JilM.9^mt%,ii,Q Mrita t voi . i i , 
^hiitt , 5.11, : 
[ l e ] An »fip«ct of t h t locial praptr ty of absolute 
eyimitblllty (-• 1^ of a Pour l t r s t r l e s | i i l f i^M 
[ l6 ] An aepcct of local property of I K, lo,., n, l\ 
auaaabll t ty of Fourier 8trie»» lohaicu jtiatfa. .r. 
(P) , U (1959j, 13-13, 
[ l ? ] ftn Qiipect of local property of nbrolute iiorlun;* 
BUfiBftblllty of ft i'ourifcr e«rl«i»| ixSLSi* Ml^ iSk^* 
«i : l . lli^ijl t »8A (196»), 787-794. 
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[ l 6 ] 4d<l«iiiu&f An e«iptot of locf l property of Rby^olutt 
Jiorlymd »a«i«bilit2' of & l o u r l t r a t r l e s t ..XSlfi* 
^a t . Ifinl. itSl» lltt^i^ t ^h K l t f i S j , 119-IfO. 
[]l»] 4tt pftptct Of locid property of \K, p^\ms^^»fi'lit^ 
of a f«urt«r t«flee.« IMim i9U£* IMM* • <^  
^omoin, • ! 
[ffOj Oii *«t"ROfJ© of nufiutoblllty s»0*d oii powftr s«rl«f;i» 
IJCflii. lUMLJiM- iJjyafeMm. iiLfii. A, 64 (1957) , 
34f»T^40, 
[pgaj /trOBg i«oausd isuaaaabllity, I j i i ^ ^tilJ^^lfif # 
10 S (ltt36;, ' ^4 -Ul . 
•141 
fi«H«», frag. -amoMliiii. ijui.» (s?>. a^ .(!»:«). 
BiT-egs. 
.':^oe«n^tt» £<.5>«« {Kiia ::C«stiglisten, ^. : 
[pA'j rn* i6b«i3lutt cofivtrgtfiet or sexier of lnt«t^rals , 
But««r, F.I'. ! 
[rSj Uo«r den 'Jr-v.d d t r ^s^'roxlwaiioa {leg l<ientlt"ite" 
;:iiigttl«i«ta I o t t g r « a « . , I^stfa. Ana, i: 'S (1^5?), 
410*4 f6. 
lifiR^UiP t 1950, J W t l * 1^ 6&* 
•14f> 
rp9'J Mr I* stpproxlfflM'-tlofijs cl«« fouctloa d*UK« var i ab le 
r«« l l« . ^.gaioau€« liitfem&tlatiau^ ..^M^: 15(1949), 
iv.rt. ir'udko^t. ^ < 1 9 n ; , n ^ - ^ ? « . 
I S S I 34. 
[32] Oil iMi •xt«&ssldii of absolute ^ » B a b l l l t ^ i\Xki BO&« 
th#or«ai* of Lit tX•wood mA r a l t y , iJDKL»lifla^fi lifili^ 
ii>£.(?>. 7(X967), Xi3- i4 l , 
-143 
[^4] On ti&« ii^K>olute j^saeftbillty of & .-'ourler a«ri«ii 
and l t £ conjugstt «*ri ts .« IJ^SL* it2MM I & l ^ 
[35] £^ «f»t fti^rOxia&ti<»i lay a gaturfttioii c lass of 
0^] i^ -^ yfgfcra^ t: ^•T%f^». -ixtorA, 1-349. 
thtojy of . rourl tr s e r i t s t vo l . j i i , Ciiaiorl%t»196p. 
A t«ub*rl»ja tb.e9r«8s for abi^lutft gtttasi»bilit;y, 
iaiX* iiijaJM Mlfe. liiiJB.. IHUST), 17618=. 
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4 hda», B, A„ J r . ! 
[40] an tim abeolut* iiorluiid suejiabillty ojf & Foii.rler 
»#ri««, '^Qtfi^pf^ gf AKerieaf. fe^f,fi> ,,,^9c..il(Ig64i . lC4. 
Jurlmt. '''.» £iiitd i'«3r«rlahoff, A. : 
[41] Loit&lipfttloii ami «bgtolut«r Cesaro-ituajJuierbRtfeeit 
[42j 'iMMil..Mi ia^lcfi^^g?^ tli,i^Urt'H gfg^ts* w^com 
f^(li?49i, 10-16. 
A.ogb«tli«aitet '^ •» * 
[44] oav l«® et i . l t* ab0ol«i&«?at fioa«ii«al€e. par l e E«th3<ls 
[45] >osis«tl(m d«s gi«ri«e #t In t tgraLe per l ep iK>y«m.«-i? 
1 4 6 
[46] Oa lLl^-s^i«aiablllt5' of r«ttrl«r t c r l e e , £ a i S I ^ . 
E£ii&* Mix . -X« iJ i i l t ^ C i 0 n ) , 1-a. 
2^cl'ad4«a« I. *. 
[43] 'i-teeolwt* i^ailaad f!US3B«slllty, I^li;^ if at fa. Jou r . . 
if (194f), I6©f^)?, 
. ^ i l * Mfix* Efilli. JiJifi* ^(i»B5) a^g-aao. 
[50] ^.bsoltti* r«j.!ml«i-lt^ and tfet a i r luod s tan , AumttLe 
[51] OB tm ^ i w a c i l l t j \ S, l o ^ • , X\ of « ?ouri#r Rcrliff, 
jQiAy> po^^fto Kfe$,^  £0c. , 5»»(l9Sy), 6T-1'f, 
\pt] On tfat ^a&afeillty \ ^ • l\ of rour ler e t r i e r , ? u l l . 
Calettt^i^ M^t^. l ag .* ''3' ( I f55) , 8?5-M. 
-14fi 
[as] On %')sm ito*«lut» (L) •«»uaeablllt>' of « rourU* 
Morel ty, »^ I 
[54] '^ tii«ojr«ai «a HtiumSortt tr^nrntons^-mtiant and l t » 
iipflic#'tlaiie tj C«'tsro *-ai<! /ioia«r BtariR, Jour. 
[56] >>ur unt api>XleRtld& a«9 functiorte |>timtt»&l*@t 
or l ic*, « . t . : 
[S6]] I t i t r t tgt mr t h t o r l t *«r ortiM>goia8a#at*ickluGc^ I I , 
?fttt. t . : 
[&t] 0^ t h t «yl»e.alut« «ti)9Baua>lllt.> of tho oonjugfttt e«n«e 
Of 6 FWirltr «trie«, jjajaOMEal^liti^fifi*t ^(1^8?), 
[58j "trtftia tt«tl»4ii? Of obeoluto euauRablltt^ ^nd tlaelr 
•ppllcation to ©urltr noritB, iJCftidiUStUji--S4iiIl£fi» 
- - ' — — ~ ~ — ' — I —ni l 1 1 — - I - - w i i ' "^^ * 
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r«.y«rlmhoff, k, I 
[SSj On c©ftv«rts«ae« f i e l d s of ^orlun Keanet ? roc» 
Ac«4os«n y«tft, i i2c . . 7 (19Se), 335-M7. 
Fr»t»4, is.I". 5 
[60] XJit absolute euu»;«blllty i^i of ;"Ourler gfefi**, 
^^•adtlft, »,C« : 
[ t t ] Oft tii«f ttbeolutc Kussmaibility of £'ouri«r t e r t t ^ t 
M i * i i i X . ISlil* -£-Offa« 44 (19^} • 7,%'-736. 
(a»] On t&t afc-rolutt dUSKablilty of 'Ourl«r n^Hen H . , 
[64] i^ottn Ofi ?'ourltr Anfllyf»tt U V I H ) : ^bpolutt 
ftt»K«olittji' of «t«rt«s with const»nt ««rc--E, 
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|*>6j i a tu ra t loa l a tti© tjieor^ of &«et afyproxitietior., 
(66] troftf. Ap-:>roxlffl«tian by Fourlisr f-eriep Riid 
ortfiogowiftl fieri*»» l..^i«a Jour. iMlS* t^^-^-^'') # 
1^ '?'] •.-« <ltt€'r3.tiietlott of tfc© ciaso of ceturetioja in t-h« 
t&eory of ppprojtli&stldn af funotloiii*» . roc. ^KPisa 
i^^il^gy 34 (l»5(i^ ., ^ 77 -<^#2. 
[€8] On d®ttr®lEt«si3a of tne eXer-s of satarfttion In 
tti Xhtoty of as^roada^tloa of functions 11 , 
Je-e*] Ofi ®om- In tegra l traasfortefttloiie, iXafi.iAaE-iai 
'^&t,^ ._.:-jB£-* (3) , 3(1953), f57f>67. 
[6fJ ^ liott Oil # tlu-orfK or ?*or«aciu«t, Iguy. ;.Qr>^ O^l| 
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[70] Tfat tbniorw of /miotions. Cxfora, 19B9 . 
Ui a {nixiu«act, ij2UX* l^ gfiAoa ^ a t ^ , , ^ . , 33(19&S)» 
[78] Xh« ftb)«olut«- ^Sim8.blllt> Of Four l t r fi>«rl«ftt 
[73] ixttJBeloii of tilt . .otloa of t&e l i c d t of the euB 
of ttrtifk of iga l u f l a i t t s t r i e % laStfeLs-P-L-lAife*• 
( ? ) , 83(ld8J>), 4Pf^4?8. 
d&,-promlmfeti-3n a t s «*irleF. <it Fourier d«8 foiictlans 
